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Abstract

This paper presents a methodology to compute the backwards reachable set from
safe on ground to a trimmed autorotation condition. This backwards reachable
set represents the region of the trimmed autorotation state space from which safe
paths to touchdown at a specified point are guaranteed to exist. The backwards
reachable set is found by computing optimal trajectories from candidate initial
states (distance and height above the touchdown point, horizontal speed, descent
rate, rotor speed) to the designated touchdown point. In addition, the set of
trimmed autorotation conditions which are likely to lead to safe trajectories to
ground are computed. As an example, the safe landing set is computed for a
generic utility helicopter.
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Chapter 1
Introduction

This thesis describes a method for determining a safe region for an unmanned

aerial vehicle(uav) helicopter during the flare phase of autorotation. The motiva-

tion for this work comes from autorotation being an unavoidable, and exceedingly

dangerous, risk for rotorcraft, manned or unmanned. Additionally, the flare phase

of autorotation occurs so quickly that real-time trajectory planning is not feasible.

Autorotation is the condition a helicopter enters when its engine ceases to

provide power to the rotor or rotors. The helicopter enters a descent in which

the air flowing upward through the rotor keeps the rotor spinning at level that

makes control of the aircraft possible. The spinning rotor also provides some

lift, keeping the descent rate within a manageable range for the pilot. Engine

failure, entry, descent, and flare are the main pats of autorotation. This thesis

focuses on flare and how the helicopter can safely complete this final stage of

autorotation. Combined with other controllers that guide entry into autorotation

and maneuvers during descent the method described herein for a successful flare

maneuver can make autonomous helicopters considerably safer, sparing damage to

the helicopter, cargo, or passengers.

Flare, being the final part of autorotation, occurs close to the ground and lasts

only a few seconds. In this time, the helicopter must be taken out of a steady de-

scent and brought to an airspeed of as close to zero as possible at the same moment

that the helicopter reaches the designated landing zone. This is accomplished by

using kinetic energy stored in the rotor to rapidly arrest the descent rate. As a

consequence, the rotor slows considerably during flare. Throughout the maneuver
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careful control of the main rotor thrust and main rotor tip-path-plane angle are

required to bring the helicopter in to a landing while ensuring that the helicopter

stays within operable limits while in the air.

This thesis (a)introduces the Safe Landing Set, the area of a vehicle’s state

space which guarantees the possibility of safe flare to landing; (b)describes the

problem of performing flare during autorotation and introduces height discretized

equations of motion and safe set analysis as a means of performing a safe flare

maneuver; (c)presents a method for using optimal path planning as a way of finding

the Safe Landing Set and an algorithm for finding the Safe Landing Set itself; and

(c)presents computer simulation results verifying the usefulness of this method for

finding safe, feasible paths to landing and for finding a set of states for which a

safe, feasible path to landing exists.

1.1 Motivation

There is considerable interest in the use of autonomous helicopters for tasks such

as reconnaissance, resupply and casualty evacuation. Some manned helicopters

also now have the ability to switch to unmanned flight. Further, sensor packages

carried by some autonomous rotorcraft (such as the FORESTER radar carried by

the A160 Hummingbird) are becoming very complex (and hence expensive). Some

of these helicopters are shown in Figure 1.1. Loss of a payload (or worse, a loss

of a patient undergoing transport to a medical facility) is thus becoming a critical

concern, and safe recovery in the event of vehicle failure is a critical technology.

Power loss, in particular, is a vehicle failure which is known to be recoverable

through autorotation landing.

However, autorotation is an extremely difficult maneuver and one which often

fails because of pilot error. Safety of autorotation continues to be a significant

concern to the manned rotorcraft community. The final phase (i.e. flare) of the

maneuver is especially difficult, requiring precise control and timing for success,

while the consequences of failure include severe damage to the vehicle and injury

or death to the pilot or passenger. Practice autorotation thus continues to be a

part of the training curriculum for military pilots, but this is a dangerous aspect

of training, since a significant number of accidents occur during practice. This
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(a) Northrop Grumman Firescout uav (b) Lockheed Martin K-MAX Cargo Trans-
port uav

(c) Being A160 Hummingbird with
FORESTER radar

(d) Boeing Littlebird Manned/Unmanned He-
licopter

Figure 1.1. Autonomous Helicopters. Image credits: [a]: Northrop Grumman; [b]:
Lockheed Martin; [c]:DARPA; [d]:Boeing

is mitigated somewhat in multi-engine aircraft, however unmanned rotorcraft are

typically single-engine vehicles.

An automated autorotation system for uavs, or a cueing system to guide human

pilots during autorotation, would greatly reduce the risk of damage or destruction

to the aircraft, cargo, and any human pilots or passengers for both manned and

unmanned aircraft. It would also reduce the pressure placed on pilots of manned

helicopters in case of engine failure. A system of this type would need to suc-

cessfully enter autorotation, maintain a steady descent, and flare shortly before

touchdown. This thesis seeks to solve the problem of producing a safe flare to

touchdown maneuver.
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1.2 Previous Work

Entry into the descent phase of autorotation and maneuvers during descent are

themselves both active areas of research. Research has been presented where op-

timal path planning is used to find autorotation paths [1–3]. Optimal control has

also been used for powered flight maneuver solutions [4] and autorotation pilot

cueing [5, 6]. Other methods that have been explored for autorotation solutions

are a machine-learning approach by Abbeel at al. [7] and a model-predictive control

approach by Dalamagkidis [8].

The Safe Landing Set, mentioned briefly earlier in this chapter, is the backwards

reachable set from safe-on-ground: any vehicle which enters the Safe Landing Set is

guaranteed to have a safe, feasible path to landing. The use of backwards reachable

sets for safe (powered) landing of fixed wing aircraft has been reported [9,10], but

the authors are unaware of backwards reachable set computations for rotorcraft

landing (powered or unpowered).

While much progress has been made towards autonomous autorotation, the

research and technology are still not to a level where systems can be safely im-

plemented. The flare phase especially is an area that requires more research and

experimentation. This is especially true because flare is a very dangerous part of

autorotation, taking place close to the ground and having a very small margin for

error. In addition, current work does not provide much robustness to wind gusts

or steady wind fields, non-flat terrain, or landing at a specific touchdown location.

This thesis seeks to deal with this robustness issue.

1.3 Framework for Safe Autorotation

Figure 1.2 shows the whole of the autorotation problem. Typical autorotation

follows five steps. First the engine fails. This causes rapid power loss to the main

rotor. The pilot must quickly lower the collective pitch input, reducing the angle of

attack of the main rotor blades. This enters the helicopter into autorotation, where

the air flowing up through the rotor as the helicopter descends spins the rotor.

The spinning rotor provides the needed lift for the helicopter to maintain a stable

descent. During the steady descent the pilot (or unmanned autopilot) must select
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a suitable landing site and direct the helicopter toward it, while still maintaining

the integrity of the balance between acceptable descent rate and acceptable main

rotor angular speed. During this phase the helicopter may use an estimator along

with available sensor data (air data, GPS, Inertial Measurement Unit (imu), local

terrain mapping) and known vehicle dynamics to maintain its steady flight and

select a landing location. When the helicopter senses it is near the ground it must

initiate flare. During the flare maneuver the cyclic and collective pitch are varied

to minimize descent rate and forward speed on the way to the desired touchdown

location while ensuring that the helicopter does not pitch excessively and cause a

tail strike.

Flare is a very difficult maneuver because of the rapid loss in rotor speed as a

result of the increase in collective pitch. Once the energy from the rotor is used to

slow the aircraft, it is no longer able to maintain lift. Initiating flare too high leads

to a stall and crash, while initiating flare too low does not give sufficient time to

correct forward speed, sink rate, or aircraft pitch to safe levels before touchdown

and also leads to a crash landing.

’Flare’, for the purpose of this thesis, may be thought of as the portion of

autorotation descent near the ground and after which the helicopter maneuvers

out of trim and the collective pitch (and therefore the thrust and thrust coefficient)

increases noticeably. Analysis in later chapters will show this region to be bounded

roughly by a height of 500 feet and a distance to touchdown of 800 feet.

Depending on the steady trim condition the helicopter is in when it initiates

flare, certain points for flare initiation may or may not allow the helicopter to

reach the desired landing site safely. The Safe Landing Set is the paired set of

flare initiation points and steady descent conditions from which the helicopter can

safely reach the desired landing site.

1.4 The Flare Problem

In [5] Aponso et al. note three important points: first, vehicle parameters such as

weight can have a strong influence on the computed trajectory; second, a critical

improvement would be the ability to continuously update trajectories to account

for performance differences as well as errors in trajectory following; third, optimal
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Figure 1.2. Autorotation: engine failure, entry, descent, and flare(beginning with
initiation)

trajectory planning can be used to expand the V-h envelope. Further, the previous

work on autorotation does not account for disturbances (e.g. gusts, or even steady

wind fields) or the effect on non-uniform terrain on autorotation, flare and landing.

Thus there is still a need for significant research before the problem of autonomous

autorotation can be completely solved. A large amount of that research must be

focused on finding a way to safely flare for autorotation touchdown.

Computing a safe, feasible flare trajectory in real time is extremely difficult

because of the high dimensionality of the problem, the limited computational re-

sources likely to be available, and the likelihood of external disturbances such as

gusts. Moreover, if an incorrect steady descent state is chosen there may not be a

safe, feasible flare trajectory to landing.

1.5 Contributions

This section details the contributions of this thesis:

Safe and Probably Safe Sets

The Safe Landing Set and Probably Safe Set were created as methods for

determining safe flare. These are backwards reachable sets. The Safe Landing Set

consists of combined trimmed autorotation conditions and flare initiation points
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for which a safe path to touchdown exists. The Probably Safe Set contains only

trimmed autorotation conditions for which a path to safe touchdown probably

exists (at least one safe flare initiation point exists for that autorotation condition).

An algorithm for computing the Safe Landing Set using parameter optimization is

developed.

Derivation of Height-Discretized Equations of Motion

The equations of motion for a generic utility helicopter are modified such that

height replaces time as the independent variable. These equations create a known

end condition for simulation, that being the helicopter touching down.

Trajectory/Parameter Optimization

A trajectory optimization approach is described as a method for solving for

a safe path from flare initiation to touchdown. When the height-based equations

of motion are introduced, this becomes a parameter optimization approach. This

approach uses a two-part cost function, with costs based on the path to touchdown

as well as the distance from the desired landing condition.

Autorotation Analysis Using the method described above, flare is analyzed for a

generic utility helicopter. Results from this simulation show that certain trimmed

autrotation conditions are preferable during descent for a safe flare maneuver.

Specifically, conditions with low forward velocity make it easier for the pilot to

reach a safe-on-ground condition. Unsafe start conditions are also examined and

reasons why these conditions do not lead to safe landing are given.

1.6 Reader’s Guide

Chapter Two describes the problem that is solved by this thesis. It also introduces

the time-based equations of motion and derives the height based equations of

motion. It further describes the Safe and Probably Safe Sets.

Chapter Three describes a method for using trajectory optimization to find safe

paths from flare initiation to landing. It also describes the algorithm used to find

the Safe Landing Set, which incorporates trajectory optimization.

Chapter Four shows simulation results of the Safe Landing Set finding algo-

rithm presented in Chapter Three.

Chapter Five summarizes results and presents conclusions. It also gives recom-
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mendations for future work in this area.



Chapter 2
Flare Problem

The following chapter defines the reachable set problem. The major topics dis-

cussed are:

1. Problem Statement: The problem to be solved is presented an outline of the

system is discussed.

2. Equations of Motion: Equations of motion described by Aponso are pre-

sented. The equations are explained and simplifications made for the flare phase

of autorotation are discussed. A similar set of height based equations are proposed

and derived.

3. Guaranteed and Probably Safe Sets: The guaranteed and Probably Safe

Sets are defined. Optimal path planning is introduced as a method for computing

vehicle trajectories.

2.1 Problem Statement

The scenario under consideration is a helicopter entering and proceeding through

the flare phase of autorotation to safe-on-ground touchdown. The flare phase

begins with flare initiation, a transition from a trimmed autorotation state to the

flare maneuver. Flare initiation is characterized by a trimmed autorotation state

and a flare initiation point. A trimmed autorotation state includes the helicopter’s

horizontal and vertical velocities (u and w) and its main rotor angular speed, Ω.

The flare initiation point consists of a horizontal distance to and vertical distance

above the desired touchdown location. This point is represented by the variables
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d and h, respectively. In addition, any residual shaft power from the motor is

represented by the variable Ps. Equation (2.1) shows how these values together

make up the helicopter’s state vector.

x =
[
u w Ω d h Ps

]T
(2.1)

The desired touchdown location is assumed to be at the origin, (0,0). The

desired touchdown state is variable, but generally has low values for both horizontal

and vertical velocities (< 5 ft/s) and also includes a desired touchdown vehicle

pitch, θ. A schematic of the reachable set problem is given in Figure 2.1.

Figure 2.1. Schematic of the guaranteed Safe Set: the set of trimmed autorotation
states and initial points that are guaranteed to have a safe, feasible path to landing.

The flare maneuver control inputs are the helicopter thrust coefficient and main

rotor tip path plane angle, as seen in equation Equation (2.2).

u =
[
CT α

]T
(2.2)

These are used to influence the main rotor speed, as well as the horizontal and

vertical velocities. The velocities, in turn, determine the horizontal and vertical

position. Flare ends when the helicopter reaches the ground. The height above

touchdown, h, is a relative measure of height. It is defined such that h = 0 always

indicates touchdown. This means that when h = 0, the maneuver has ended.

Thus, the generic trajectory problem is expressed as:
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minimize C (2.3)

subject to ẋ = f(x,u) (2.4)

g(x) ≤ 0 (2.5)

xt=0 = x0 (2.6)

C is some cost function relating to the vehicle’s state vectors and landing condi-

tions, ẋ = f(x,u) are the equations of motion, and g(x) represents state dependent

constraints such as structural loads or aircraft performance limits.

2.2 Guaranteed and Probably Safe Sets

A backwards reachable set is a set of start conditions for which a path to a desired

end condition exists. In the problem presented here, the Safe Landing Set is a

reachable set consisting of all those trimmed autorotation states, [u w Ω]T , and

flare initiation points, [h d], for which a safe path to desired touchdown exists.

Along with the trimmed autorotation vehicle state and flare initiation point, the

vehicle control inputs throughout the maneuver are also recorded and stored.

The importance of the Safe Landing set is this: if a helicopter is able to enter

the Safe Landing Set, it is guaranteed to have a safe, feasible path to the desired

touchdown. Thus, a helicopter in the descent phase of autorotation may use the

Safe Landing Set as a goal, because once it reaches the Safe Landing Set it is

known that the helicopter can reach the desired landing zone safely.

Given the vehicle state

x =
[
u w Ω d h

]T
(2.7)

where [u w Ω]T are taken from the set of all trimmed autorotation conditions

A =
{
ai|ai = [u w Ω]T

}
(2.8)

the Safe Landing Set is defined as
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S =
{
si|si = [d t u w Ω]T , [u w Ω]T ∈ A

}
(2.9)

Here si ∈ S means that a safe, feasible trajectory to touchdown exists from si.

Thus any trajectory that guides the helicopter from the moment of engine failure

in to S is guaranteed to end in a safe landing at a particular desired touchdown

point.

The set of only vehicle autorotation conditions, ai, which are likely to result in

a safe landing are the Probably Safe Set. The Probably Safe Set is denoted as

Ã = {ãi} (2.10)

This set does not include particular choices of flare initiation position, and thus

it cannot guarantee safe landing: a member of Ã may have safe paths to landing

from some flare initiation points but not others. The set Ã is the projection of

S onto A. Any trajectory that guides the helicopter from the moment of engine

failure to a point in Ã is likely to result in a safe landing somewhere. Note that the

touchdown point cannot be specified here: it will be dependent on the particular

flare initiation point.

The Probably Safe Set is good for suggesting in which state a helicopter should

try to initiate flare.

2.3 Equations of Motion

2.3.1 Time Parameterized Equations of Motion

Aponso [2] describes equations of motion for a helicopter represented by a point

mass with a main rotor based on equations presented by Lee, et al. [3] These are

repeated without derivation here:

ḋ = u (2.11)

ḣ = −w (2.12)
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mu̇ = ρ(πR2)(ΩR)2Cx −
1

2
ρfeu
√
u2 + w2 (2.13)

mẇ = mg − ρ(πR2)(ΩR)2Cz −
1

2
ρfew

√
u2 + w2 (2.14)

IRΩΩ̇ = Ps −
1

η
ρ(πR2)(ΩR)3CP (2.15)

Ṗs =
1

τp
(Pres − Ps) (2.16)

Because the work presented here focuses on the flare phase of the autorotation

trajectory, it is assumed that the helicopter has been in autorotation long enough

for residual engine power, Pres, to decay away. Equation (2.16) then simplifies to

the identity 0 = 0. Also, the helicopter pitch angle, θ, is assumed to be approxi-

mately equal to the tip path plane angle, α. Alpha is then used in place of θ in

Equation (2.18) - Equation (2.20) and for any constraints on the vehicle pitch at

landing.

Coefficients are defined as:

CP =
1

8
σcd0 + CTλ (2.17)

Cx = CT sin(α) (2.18)

Cz = CT cos(α) (2.19)

λ =
u sin(α)− w cos(α) + v

ΩR
(2.20)

The induced velocity is given as:

v = KindvhfIfG (2.21)

where vh is the reference (hover) induced velocity, fI is the ratio of actual

induced velocity to the reference vh, and fG accounts for the decrease in induced

velocity due to ground effect:

vh = (ΩR)

√
CT
2

(2.22)

fI =

1/
√
b2 + (a+ fI)2 if(2a+ 3)2 + b2 ≥ 1

a(.373a2 + .598b2 − 1.991) otherwise
(2.23)
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a and b are given as:

a =
u sin(α)− w cos(α)

vh
(2.24)

b =
u cos(α) + w sin(α)

vh
(2.25)

fG = 1− R2 cos2(θW )

16(h+HR)
(2.26)

cos2(θ
W

) =
(−wCT + vCz)

2

(−wCT + vCz)2 + (uCT + vCx)2
(2.27)

2.3.2 Height Parameterized Equations of Motion

The problem of computing flare trajectories consists of finding the input sequence

u(t) which results in a safe landing without violating operational bounds. One

approach is to discretize the problem into finite steps. It is assumed that the

input is constant over the interval between these steps. Naturally, this means

the intervals must be relatively close together. This discretization will result in a

parameter optimization problem. Typically the problem is discretized in time such

that t = [t0 t1 t2 . . . tk . . . tfinal] is a vector of equally spaced times and the values

are known.

For the case considered here, a helicopter in autorotation, the time required to

fly a path depends on the inputs. Adjusting CT or α will change the sink rate.

The sink rate together with the starting altitude controls the time to reach the

ground. The time of touchdown, tf , is unknown until it is reached. Due to this,

time becomes an additional parameter in the optimization problem. It is therefore

more convenient to discretize the problem in height (since the final altitude of the

helicopter is specified as hf = 0 regardless of inputs or initial states). In this case

inputs are assumed to be constant over an interval ∆h (see Figure 2.2).

In Aponso’s work the equations of motion are time based. This means that

the problem is originally a time discretized problem. Examining these equations,

a forward Euler integration can be used to simulate the flight of the helicopter.

When comparing the forward Euler method and more computationally expensive

but accurate methods, such as a fourth order Runga-Kutta, the forward Euler

solution matched the more robust solution for small time steps. The forward
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Figure 2.2. Height Discretized Approach to the Equations of Motion

Euler solution also makes it straightforward to re-write the equations of motion

in a height discretized form. For these reasons the forward Euler method is used

when discretizing the problem.

At time k the state vector, xk is assumed to be known. The state derivative,

ẋk, can be calculated from the equations of motion. And the time interval, ∆tk,

is selected such that the control input can be assumed constant over each step.

Equation (2.28) shows this mathematically.

xk+1 = xk + ẋk∆tk (2.28)

In an effort to transition from time-discretized to height-discretized equations

of motion the height variable, h, is examined. ∆tk can be found in terms of the

altitude interval ∆hk and the descent rate ḣk over an interval:

hk+1 = hk + ḣk∆tk = hk + ∆hk (2.29)

Hence

∆tk =
∆hk

ḣk
(2.30)
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Using the equality given in Equation (2.30) the height based values are substi-

tuted for the time interval value for all state variables. The system dynamics can

now be written as

xk+1 = xk + ẋk
∆hk

ḣk
(2.31)

= xk +

(
ẋk

ḣk

)
∆hk (2.32)

Hence

xk+1 = xk +
dx

dh

∣∣∣
k
∆hk (2.33)

The discretization is now based on height intervals rather than time intervals.

Only the height derivatives remain to be calculated.

Recognizing that ḣk = −wk (from vehicle kinematics), because w is positive

for downward velocity, and using Aponso’s equations of motion, the components

of dx
dh

∣∣∣
k

are

dd

dh
= − u

w
(2.34)

dt

dh
= − 1

w
(2.35)

du

dh
= − 1

mw
(ρ(πR2)(ΩR)2Cx −

1

2
ρfeu
√
u2 + w2) (2.36)

dw

dh
= − 1

mw
(mg − ρ(πR2)(ΩR)2Cz −

1

2
ρfew

√
u2 + w2) (2.37)

dΩ

dh
= − 1

IRΩw
(Ps −

1

η
ρ(πR2)(ΩR)3CP ) (2.38)

The height-index subscript, k, has been dropped for clarity. The height above

touchdown is no longer part of the state vector, it has become an independent

variable.

Time, conversely, is now a dependent variable. It is assumed that ∆t > 0,

which implies ḣ < 0 and ∆hk < 0 or ḣ > 0 and ∆hk > 0. during autorotation the

helicopter is always descending so it must be true that ḣ < 0 and ∆hk < 0. Thus
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∆t =
dt

dh
∆h > 0 (2.39)

This approach has two implicit assumptions: first, the helicopter is always

descending during final approach (i.e. no “swoops”); second, the time interval ∆tk

is short enough that changes in descent rate can be ignored.

The state vector is now

x =
[
u w Ω d t

]T
(2.40)

2.4 Summary

Section 2.1 defines the problem. The problem presented is two dimensional control

of a helicopter during its flare and landing phases of an autorotation maneuver.

Flare is the portion of autorotation where the helicopter makes a series of quick

and precise control inputs in order to transfer the helicopter from a steady au-

torotative descent to the safe on ground condition. The vehicle is modeled as a

point mass with a rotor and vehicle state variables are horizontal and vertical dis-

tance from touchdown, horizontal and vertical velocity, and main rotor angular

speed. Available control inputs are main rotor coefficient of thrust and main ro-

tor tip-path-plane angle. The flare maneuver begins at flare initiation, which is

a full vehicle state and accompanying trimmed controls representing steady state

autorotation, and ends when the helicopter reaches the ground, h = 0

Section 2.2 defines a reachable set and the specific ’Safe Landing Set’,S, used

in this solution. The backwards reachable set is a set of beginning conditions for

which there exists an acceptable path to a desired end condition. The Safe Landing

Set is a reachable set consisting of a vehicle state and control setting for which

an acceptable path to a desired touchdown condition exists. The vehicle state is

comprised of a steady autorotation condition, a distance to touchdown, and time

from start of flare. The controls are determined by the autorotation condition,

they hold the helicopter in trim. The reachable set is found using optimal path
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planning.

Section 2.3 contains a discussion of the equations of motion.

Section 2.3.1 discusses the time-discretized equations of motion. These equa-

tions are given by Aponso and modified slightly to fit the specific needs of the

flare maneuver. A simplification is the assumption that no residual power exists

because the helicopter is in a steady autorotative descent.

Section 2.3.2 derives method with which to transform the time based equations

of motion to height based equations of motion. The reason for this: the simulation

ends at known height h = 0, which occurs at some unknown time. Height based

equations of motion eliminate the ambiguity in the model simulation end condition.

This transforms the trajectory optimization problem into a parameter optimization

problem.

A solution to the reachable set problem presented here is given in Chapter 3.

Chapter 4 contains simulation results for application of this method to a generic

utility helicopter.



Chapter 3
Computing the Safe Landing Set

The following chapter describes how to solve for the Safe Landing Set of an au-

torotating helicopter in the flare phase of flight. The major topics discussed are:

1. Trajectory Optimization: The parameter optimization problem is briefly

described and its solution is presented.

2. Safe Set Algorithm: The Safe Landing Set is found by repeatedly solving

the trajectory optimization problem for varied initial conditions.

3.1 Trajectory Optimization

Computing flare trajectories that result in a safe landing is accomplished by al-

tering the control inputs, u(t). Assuming that the inputs are constant over some

interval leads to a parameter optimization problem. Generally, a time interval is

used for this parameter optimization. In the case presented here time is dependent

on the inputs and becomes an extra, unneeded, parameter. A more elegant solu-

tion is to discretize the problem in height. This is useful because the final height,

hf is known to be 0 for all cases. The problem is presented as:

minimize C (x0...K ,u0...K−1) (3.1)

subject to xk+1 = xk +
dx

dh

∣∣∣
k
∆hk (3.2)

xmin ≤ xk ≤ xmax (3.3)
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g(xk) ≤ 0 (3.4)

umin ≤ uk ≤ umax (3.5)

x0 = [u0 w0 Ω0 d0 t0] (3.6)

That is, a cost function that depends on the vehicle state and controls at each

height step is optimized subject to some constraints. Those constraints are: the

vehicle height based equations of motion, state dependent constraints, and vehicle

control limits.

The vehicle state constraints simply imply that the vehicle state at height k+1

be determined from the state at height k and the height based equations of motion.

State dependent constraints, g(x), include considerations such as structural load

limits. The vehicle control limits are selected based on requirements of the vehicle

model.

The cost function, C(x, u), is composed of two parts. These are the touchdown

and state costs. The equation for the cost function is:

C (x0...K ,u0...K−1) = Ctd + γCstate (3.7)

where γ is a parameter that can be varied to change the relative weight of the

state cost versus the touchdown cost.

3.1.1 State Constraints

State constraints are expressed as a barrier function, shown mathematically in

Equation (3.8) and graphically in Figure 3.1.

c(x) =
1

(x− xmin)2
+

1

(xmax − x)2
(3.8)

The variables introduced here, xmin and xmax, are constraints on the mini-

mum and maximum vehicle states, respectively. These limits are given in table

Table (3.1)

A state cost is calculated at each point during the path to landing, and the sum
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Figure 3.1. An Example Barrier Function: costs rise rapidly as states approach their
boundaries

Table 3.1. Touchdown safe conditions. θterrain is the terrain slope at the touchdown
point (0◦ here).

state upper lower
forward speed +25 ft/s -3 ft/s
descent rate +10 ft/s -3 ft/s
rotor speed – –
x position +25 ft -25ft

time – –
aircraft pitch angle θterrain + 10◦ θterrain − 10◦

of these costs is the total state cost (see Equation (3.9)). Hence the total state cost

is the sum of the costs of state violations at each height step. Representing the

state cost function as a barrier function turns the problem into an interior-point

problem.

Cstate =
K∑
k=1

c(xk) (3.9)

At altitudes below 50ft the helicopter is assumed to be very close to landing.

During this period, the constraint on rotor speed is dropped. The constraint exists
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mainly to ensure the helicopter maintains sufficient rotor speed to provide lift.

Below 50 ft this is of little concern, the helicopter will touch down before a drop

in rotor speed can appreciably degrade the lift.

3.1.2 Touchdown Cost

The touchdown cost, Ctd is defined as:

Ctd =

([
xK

uk

]
−

[
xdes

udes

])T

Wtd

([
xK

uk

]
−

[
xdes

udes

])
(3.10)

Here,

[
xK

uk

]
concatenates the state and control vectors at time k.

[
xdes

udes

]
is the desired landing condition. Wtd is the touchdown weight matrix, given in

Equation (3.11).

Wtd = diag (Wu, Ww, 0, Wd, 0, 0, Wα) (3.11)

Setting the weights related to time, rotor speed, and thrust coefficient to zero

in the touchdown weight matrix implies that the values of these parameters at

touchdown are unimportant. Touchdown cost is determined only by the proximity

to the desired landing zone, horizontal and vertical speeds at touchdown and the

helicopter pitch angle at touchdown.

3.1.3 Gradient Based Optimizer

A gradient descent approach is used to iteratively solve this optimization problem

for a particular initial state. The MATLAB function fmincon, which finds the

minimum of a constrained nonlinear multivariable function, is used for the gradient

based approach. The gradient based approach means that the solution which is

found is a local minimum. This solution may or may not be the absolute minimum

cost, but so long as the solution satisfies the ’safe’ conditions a local minima

is acceptable. The solution depends heavily on the initial guess of the control
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sequence. This is because a poor initial guess could “trap” the optimizer in an

unsuitable local minimum which does not produce a safe solution.

All control inputs are splines based off of a seven-point input, regardless of

initial height. Obviously then, initial guesses for the controls, u are a spline ( Fig-

ure 3.2). For the initial guess the thrust coefficient is brought from its trim condi-

tion to its maximum and the tip path plane transitions from trim to a high negative

value, then down to the terrain angle at touchdown. Construction of the spline

may cause the controls to exceed allowed values, even when the seven points the

spline is based on do not. To combat this, if the control inputs exceed maximum

bounds, the controls are limited to their maximum/minimum values.
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Figure 3.2. Control Spline Initial Guess

If another initial state has already found a solution at an identical or nearby

initial position, that solution is used as an initial guess for the new start condition

instead of the spline described in the previous paragraph.

The optimization problem can now be described more specifically as:

minimize Ctd + γCstate (3.12)

subject to xk+1 = xk +
dx

dh

∣∣∣
k
∆hk (3.13)

xmin ≤ xk ≤ xmax (3.14)

g(xk) ≤ 0 (3.15)

umin ≤ uk ≤ umax (3.16)

uk = spline (U) (3.17)
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x0 = [u0 w0 Ω0 d0 t0] (3.18)

To find a solution, the first iteration of the gradient approach uses a large value

of γ to ensure that a path which does not violate state constraints is found. If a

path is found then γ is reduced and the optimization is run again using the previous

solution as the initial guess. This is repeated until a path which is both feasible

and safe (meaning that touchdown constraints are satisfied) is found. Additionally,

if the first iteration finds a solution which touches down successfully but violates

state constraints, the value of γ can be raised until a suitable solution is found.

Thus the question of the existence of a feasible path has been expressed as an

optimization problem: if the optimal path is not feasible, then a feasible path does

not exist. An example of this approach is presented in Figure 3.3

3.2 Safe Set Algorithm

The success of the flare maneuver is determined by two components. First, the

vehicle state and controls are examined as the helicopter moves towards the ground.

If at any point the vehicle states or controls violate constraints, the maneuver is

considered a failure. The constraints are set according recommended vehicle state

and control limits. Second, the helicopter’s final vehicle state at touchdown is

examined. If any part of the vehicle state is out of allowable constraints, including

the touchdown velocities, the aircraft pitch angle, or if the helicopter does not

touch down close enough to the desired landing zone, the maneuver is considered a

failure. If the helicopter stays within allowable bounds throughout the maneuver

and lands within the desired landing zone with acceptable states at touchdown,

the maneuver is considered a success.

Optimal path planning is used to determine the path to ground. The path

planner minimizes a cost function, C, which is a function of vehicle states and

controls. Constraints on the optimization are the constraints on the allowable

control inputs for the helicopter.

The guaranteed safe landing set is found by repeatedly solving the trajectory

optimization problem defined in previous section of this chapter for candidate
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Figure 3.3. Example of γ adjustment to find a safe solution
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initial states

ŝi =
[
xip zip aTi

]T
, ai ∈ A (3.19)

Figure 3.4 shows the trim set A for a generic utility helicopter with parameters

given in Table 3.2.
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Figure 3.4. Autorotation trim states for a generic utility helicopter.

Table 3.2. Parameters for generic utility helicopter
parameter symbol value
blade cord c 1.75 feet

rotor profile drag coefficient Cd0 0.01
equivalent flat plate area fe 27.58 feet2

rotor height Hr 9.417 feet
main rotor polar moment of inertia IR 1512.6 feet4

induced power factor Kind 1.05
number of blades NB 4

rotor diameter R 26.83 feet
gross weight W 16638 lbs

power efficiency factor η 0.97
air density ρ 2.134× 10−3 slugs/foot3

To find S, a candidate state ŝ is selected and the feasibility of a safe trajec-

tory to touchdown is computed. If a safe (landing is within acceptable limits),
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feasible (vehicle state remains within acceptable limits throughout the maneuver)

trajectory exists then ŝ ∈ S. The procedure is summarized in Algorithm 1.

Algorithm 1 Compute safe landing set.

1: S = ∅, Ã = ∅
2: Select candidate ŝi =

[
xip zip aTi

]T
3: Compute optimal trajectory from ŝi to goal
4: if trajectory is feasible and safe then
5: S = [S ŝi]
6: A = [A âi]
7: else if Trajectory is feasible but not safe then
8: reduce γ
9: go to 3

10: else if Trajectory is safe but not feasible then
11: increase γ
12: go to 3
13: else
14: discard ŝ
15: end if
16: if No more candidate states then
17: Return S, Ã
18: else
19: go to 2
20: end if

3.3 Summary

The first section in this chapter, 3.1, describes the parameter optimization ap-

proach used to solve for safe trajectories to touchdown. The parameter optimiza-

tion problem works my minimizing a cost function, C. C consists of two parts: a

state cost, Cstate, and touchdown cost, Ctd.

Section 3.1.1 describes the state constraints. These constraints are presented as

a barrier function. Costs from these functions at each discretized step are summed

to find the total cost for state violation. Writing the state cost in this way leads

to the cost function becoming an interior-point problem.

Section 3.1.2 gives the touchdown cost. The touchdown cost is a quadratic cost

function depending on touchdown location, touchdown velocities, and helicopter
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pitch angle. Rotor speed, time to touchdown, and thrust coefficient at touchdown

are unimportant. This is reflected in the cost function by weights of zero for these

variables in the touchdown weight matrix.

Section 3.1.3 describes the gradient based approach used to solve for optimal

trajectories. The MATLAB function fmincon is used. this function finds a local

minimum of the cost function. The gradient based approach is highly dependent on

initial guess values. the gradient based approach is also somewhat self correcting,

having a value γ which adjusts the weight of the step cost relative to the touchdown

cost.

Section 3.2 describes the algorithm for calculating the safe landing set. The

Safe Landing Set is a reachable set consisting of steady autorotation conditions

and flare initiation points. Together these form safe states for the helicopter. To

find the Safe Landing Set, steady autorotation conditions are tested at multiple

flare initiation points. Using the parameter optimization described in section 3.1

a solution to touchdown is found. Safe solutions are added to the Safe Landing

Set. Solutions that satisfy only limits on the vehicle states while in flight or only

landing constraints have a weight on the two parts of the cost function adjusted

until a solution is found, or until it is determined that no overall solution exists.

Once all trim conditions have been tried with all flare initiation points, the Safe

Landing Set construction is complete. The Safe Landing Set can be divided into

the Probably Safe Set and the set of safe flare initiation points.

Chapter 4 contains simulation results for a generic utility helicopter using the

solution method presented in this chapter.



Chapter 4
Simulation Results

The following chapter presents results of combined safe set and parameter opti-

mization simulations.

1. Simulation approach: The algorithm for finding the Safe Landing Set is

briefly discussed

2. Flight Path Examples: Flight paths from some sample initial states to safe

on ground are examined. Flight paths from initial states near, but not in the safe

set are also shown, with explanation for their exclusion.

3. Safe Set Visualization: Various visualizations of the Safe Landing Set, in-

cluding the Probably Safe Set and safe flare initiation points are presented

4.1 Simulation Approach

The algorithm for finding the Safe Landing Set was described in Chapter 3. Briefly,

a number of points in space, the flare initiation points, are combined with a number

of safe trimmed autorotations consisting of forward velocity, sink rate, and main

rotor angular velocity. These form the set of possible safe states. Each of these

states is tested using a parameter optimization approach to see if a safe path to

landing exists. The process is made somewhat faster by having the initial guess

for control inputs be the control inputs for the nearest safe state. The collection

of states for which a safe, feasible path to landing exists is the Safe Landing Set.

The optimizer used was the function fmincon, a MATLAB function which finds

the minimum of a constrained nonlinear multivariable function. The function was
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set up such that the variable it attempted to optimize was the control input vector

u. u was optimized over the path to the ground. Limits on thrust coefficient are

1.5Cw(upper) and 1e-5 (lower). Ideally the lower bound would be zero, however

intricacies of the function required a very small, but positive, lower bound. Limits

on tip-path-plane angle are +30◦(upper) and −30◦(lower). These values are some-

what arbitrary but are chosen to be near, but not exceeding, acceptable operational

limits. The function has a maximum of 20 iterations to find a minimum value. If

a minimum is not found in this time the function exits and flags the optimization

as unsuccessful. However, the solution is still checked to see if it provides a safe

path to touchdown. While the path may not be optimal, it may still be safe and

feasible.

4.1.1 Flare Location

Chapter 1 described the bounds on where flare should exist. Flare occurs near to

the ground and involves the helicopter maneuvering away from a trim condition.

Collective pitch also increases noticeably. A maximum height of h=500 ft was

chosen. Above this height, the helicopter far exceeds what may be considered the

final portion of autorotation. Flight to the ground from this height will take at

minimum 12 seconds with the maximum allowed descent rate of 40 ft/s.

As described in previous chapters, flare involves the helicopter increasing its

collective pitch, and in doing so increasing its thrust and thrust coefficient. This

slows the rotor due to increased drag and also arrests the descent rate. Effectively

the helicopter is using energy stored in its rotor to slows itself. It is then able to be

concluded that flare is a maneuver which generally benefits involves a high rotor

speed.

Figures Figure 4.1, Figure 4.2, and Figure 4.3 show the relative safety of total

velocity and rotor speed combinations for overlapping regions of flare initiation

points. The closer to dark red (and consequently farther from blue) a point is,

the greater the number of safe flare initiation points that exist for that state. All

three figures have a maximum h of 500 ft. Figure 4.1 considers points between 0

and 800 feet from the horizontal landing location. Figure 4.2 has points between

550 and 1200 feet away and Figure 4.3 contains points between 800 and 2200 feet.
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2200 feet is roughly the distance from the landing zone where safe points cease to

exist below h=500 ft. As the start location is moved away from the landing zone

horizontally a shift from high rotor speed to low rotor speed and moderately high

airspeed becomes evident.
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Figure 4.1. Close start results

Figure 4.4 gives insight into why this is the case. In this figure the helicopter

attempts to reach the landing zone from the point (-850,350) at a low speed but

high rotor speed condition. The helicopter initially decreases thrust. This increases

rotor speed and decreases descent rate. The helicopter maintains this sort of

maneuver until approximately 250 feet from the touchdown location. Closer than

this the helicopter performs a familiar flare: a general increase in CT which causes

Ω and w to fall. Between -850 and 250 feet to touchdown the helicopter does not

try to flare, but rather attempts to sprint into an area where it can flare. At these

far away distances, low rotor speed is an advantage. Low initial rotor speed means

the helicopter has room to increase its rotor speed and briefly slow the descent

rate while the helicopter quickly flies to a closer point. Assuming the helicopter

can reach the actual flare location before drag slows the rotor significantly,the

helicopter is then able to use its rotor speed to manage a flare maneuver.

This maneuver, while a part of autorotation, is outside the scope of what is
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Figure 4.2. Midrange start results
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Figure 4.3. long distance start results

classically considered flare. Considering points only behind approximately 800 feet

from the landing zone leads to analysis of the sprint maneuver, which is outside

the bounds of this thesis. Considering points both close and farther than 800 ft
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Figure 4.4. Sample Flight Paths
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from the landing zone creates a mix of maneuvers whose analysis yields no insight

into flare. As such the search for safe flare locations was stopped at d=-800 ft.

4.2 Flight Path Examples

4.2.1 Safe Flight Paths

For the Safe Landing Set findings to be valid, it must first be proven that the path

optimization produces safe, feasible flight paths. Figure 4.5 shows flight paths for

some initial states which have safe paths to landing. More detailed views that

show state and control histories for these example paths are shown in Figure 4.6,

Figure 4.7, and Figure 4.8. These states differ mostly in initial velocity and starting

position.
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Figure 4.5. Sample Flight Paths

In this first example, the helicopter begins flare very close to its goal location,

and very low to the ground. It also starts with a low forward speed, but a high

descent rate, and slightly below nominal rotor RPM. The tip path plane angle

shows the helicopter tilts back a mild amount to gently slow the helicopter. Then

just before touchdown the helicopter tips back sharply to slow itself to an accept-
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Figure 4.6. State History: Slow Initial Speed

able velocity before returning to an acceptable orientation for landing. The thrust

coefficient remains low at first to bring the helicopter to the ground before it over-

shoots the landing site, then increases to its maximum value, quickly reducing the

descent rate to an allowable value for landing. The rotor RPM dips due to the high
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CT drawing energy from the rotor to reduce the descent rate. It is worth noting

that this maneuver occurs in just over 2 seconds and over a hight of only 50 feet,

displaying just how intricate an optimal flare maneuver is.
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Figure 4.7. State History: Moderate Initial Speed

The second example shows a helicopter starting with a faster forward speed and
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sink rate, at a higher altitude and farther from the desired landing site. The rotor

is above nominal speed. The main concern during this maneuver is controlling the

descent rate. The controls show this. The thrust coefficient behaves similarly to

the previous example, but does not spend such a large portion of the maneuver at

the maximum value. This is probably because the tip-path-plane angle maintains

a more shallow tilt in this example. This means the thrust vector is directed more

towards a vertical orientation, so more power goes to slowing descent. The higher

initial height means that the maneuver takes longer than the first example. But

the time frame is still very short, a little more than 5 seconds.

The final example presented here is a helicopter with a fast initial horizontal

speed, lower sink rate than the previous examples, an under sped rotor that begins

flare at a higher altitude far from the touchdown location. In this case the high

forward speed is not a hindrance, but an advantage, allowing the helicopter to

reach the desired horizontal position before it touches down. This is also apparent

because the tip path plane angle is low, but only briefly dips near the allowed

limit. Rotor speed is obviously more of a concern, the helicopter increases descent

rate early in the maneuver to increase the rotor speed considerably. This allows

the thrust coefficient to max out at the end, dropping the now higher rotor speed

and driving the sink rate down to an acceptable level for landing. This maneuver

takes the longest of the three examples presented here: over 11 seconds.

4.2.2 Safe Flights from Different Regions

The previous section showed that safe paths exist for a flare maneuver in the

searched region. It is now pertinent to ask: what do these paths look like at

different points within the safe set? The following examples compare the found

paths to landing for many different points within the safe set to a “central” point

in the the safe set. The “central” point is made of the safest trim condition (one

having the most safe flare initiation points) and located physically in the center of

its safe flare point set. The “central” point is shown in (Figure 4.9 and Figure 4.10).

Being that this point is in the center of the safe set, it is expected that the con-

trols will approach their limits minimally or not at all. This proves to be the case:

αTPP briefly reaches its lower limit just before landing and the thrust coefficient
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Figure 4.8. State History: Fast Initial Speed

increases to its maximum as touchdown approaches. These are exactly the inputs

expected for flare. It may be noted that α oscillates during the maneuver. There is

no penalty on control rates, and so this activity is allowed by the optimizer. While

this is not ideal for a real helicopter, this consideration was left for future work.
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Figure 4.9. Point in the center of the safe set: state v. distance to touchdown
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Figure 4.10. Point in the center of the safe set: height above touchdown v. state

The landing comes in within bounds on u and w and lands within the acceptable

range for d, but close to the negative bound. The rotor speed also trends toward

its nominal value. Overall this safe point has a very generic path to landing, as

would be expected for a point in the center of the safe set.

The edge state here in Figure 4.11, Figure 4.12 represents the closest location

from which the trim state state of the central point can reach a safe landing.

Unsurprisingly this means the helicopter lands far toward the rear of the designated

landing zone. The tip path plane angle reaches its allowable limit multiple times

during the encounter as the helicopter attempts to quickly arrest the forward speed

before the short 100 feet to the landing zone are covered. The vertical distance

is very small, only 50 feet, so CT is well above the trim value throughout the

maneuver. It also remains at its upper limit for a short time before touchdown

rather than only reaching this value at the instant of touchdown. The end result

of this intense use of the controls is the main rotor speed rapidly falling during the

maneuver. This is acceptable: Ω is allowed to go beyond its bounds below h=50

ft, as mentioned in Chapter 3.

At a different edge of the safe set, Figure 4.13 and Figure 4.14 compare a point
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Figure 4.11. Comparison to forward and lowered start point: states v horizontal
distance. Figures on the right are the same as those in Equation (4.9)
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Figure 4.12. Comparison to forward and lowered start point: height v. states. Figures
on the bottom are the same as those in Equation (4.10)

that shares the central start point’s initial position but has the fastest velocity for

which it is possible to safely reach the landing zone from that point. The reason
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Figure 4.13. Comparison to faster start point: states v horizontal distance. Figures on
the right are the same as those in Equation (4.9)
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Figure 4.14. Comparison to faster start point: height v. states. Figures on the bottom
are the same as those in Equation (4.10)

this is the maximum velocity for which a safe path to landing exists seems mainly

due to the rotor speed. CT and αTPP approach their limits, but do not reach
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them for more than an instant. w oscillates but does not break its bounds. Rotor

speed, though, quickly reaches its maximum allowed value and remains there for

the majority of the maneuver. It is easy to see that the rotor speed is at the limit

of what can be considered a safe flight.

More examples of safe states at the edge of the safe set can be found in Appendix

A.

4.2.3 Unsafe Flight Paths

Many tested initial flare point/vehicle trim state combinations fail to produce a

safe path to landing. This may be due to the initial flare point, the trimmed

autorotation state, or a combination of the two. Some select examples of failed

states just outside the safe set compared to points just inside the edge are shown

below. Figure 4.21 also shows the result of applying nearby safe state controls to

an unsafe state and what use can come from this.

On the left of Figure 4.15 and Figure 4.16 is the lowest altitude from which the

safest trim state can reach a safe landing at a starting distance of 200 feet from

touchdown. On the right is the best attempt the path-finding algorithm could

make with its alloted attempts for a point 50 feet below the original point. The

sink rate quickly exceeds the upper limit, then drops briefly to a value below zero.

A fundamental assumption of the height-parameterized equations of motion is that

the independent variable h does not change directions, similar to how time does

not reverse direction for the time-parameterized equations of motion. This means

ḣk must be negative. This violation of a fundamental assumption of the height

discretized model has a predictable result: the equations of motion are no longer

valid and results after this instant are meaningless.

Figure 4.17 and Figure 4.18 has the same safe state shown in Figure 4.11 and

Figure 4.12. The unsafe start point is closer to the landing zone: it is 50 feet lower

to the ground. It is obvious that the unsafe state is at its limit for possible control

inputs. The tip path plane angle is at its lowest allowed value almost throughout

the maneuver and the thrust coefficient spends a long portion at its maximum.

Though the states u, w, and Ω behave acceptably, the helicopter overshoot the

landing zone. This illustrates that not all path finding failures are catastrophic as
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Figure 4.15. Comparison to lower start point: states v horizontal distance

in the above figures.

Figure 4.19 and Figure 4.20 compares the state with the slowest initial speed
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Figure 4.16. Comparison to lower start point: height v. states

that can safely land from (-450,200) to a trim state with slightly lower initial

velocity. The controls continually approach and reach their limits throughout the

maneuver, as seen in the other unsafe examples. The failure here is because the
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Figure 4.17. Comparison to lower start point: states v horizontal distance

sink rate exceeds the safe limit and the rotor speed drops below the allowable limit

during the attempt to land.
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Figure 4.18. Comparison to lower start point: height v. states

For situations such as this, actions may be undertaken to find additional safe

states. One method that may yield results at the expense of computing time is

increasing the number of iterations the optimizer is allowed to use to find safe
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Figure 4.19. Comparison to slower start point: states v horizontal distance

states. This allows for a larger range of γ to be applied. Applying ’nearby’ safe

controls to unsafe states can also improve performance. Figure 4.21 applies the safe
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Figure 4.20. Comparison to slower start point: height v. states

state’s controls from Figure 4.19 and applies them to the unsafe state. The result is

the unsafe state becomes safe, behaving almost exactly as the safe state did. Using

this method, additional safe states can be found from unsafe states. Running the
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path-finding algorithm a second time using nearby safe controls as initial guesses

has potential to find safe states missed on the first pass through. While this is

outside the scope of this thesis, some experimentation into the technique by the

author has yielded promising results.

In earlier versions of this work the controls had a tendency to show somewhat

’jagged’ histories, especially in states near the boundary of the safe set or controls

for failed states just outside the safe set. A solution to this was proposed and

implemented by Floros [11] in which control rates were controlled rather than the

controls themselves. In this work the problem is overcome by forming the control

vector with a spline from a small number of controls able to be adjusted by the

optimizer.

While only a few paths are presented in detail here, examining these shows

that the optimizer is capable of producing safe, feasible paths for a flare to land-

ing. Examining these states has additionally shown that the results of safe/unsafe

testing produce expected results. Additional comparisons of safe/unsafe paths are

available in Appendix A.

4.3 Safe Set Visualization

The safe landing set is a high dimensional space. It consists of five dimensions

[u,w,Ω, d, h] and as such is difficult to visualize. This section contains several

projections of the Safe Landing Set onto 2D planes and 3D surfaces.

4.3.1 The V-h diagram

The traditional means of determining safety in powered flight and autorotation

is the V-h diagram. An example V-h diagram is shown in Figure 4.22. At first

it may be guessed that a projection of the safe landing set onto the V-h diagram

would allow comparisons between the two presentations of safe states, but there are

critical differences. The V-h diagram is developed for powered straight and level

flight under which a helicopter may lose power. This allows a much wider range of

velocities to be taken into account. The helicopter setup studied and presented in

this thesis is limited to trimmed autorotation conditions, and only the flare portion
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Figure 4.21. Nearby safe state’s controls applied to an unsafe state: states v horizontal
distance
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of autorotation. The traditional V-h also assumes the helicopter will go though

an autorotation maneuver, while the work presented here examines only the flare

maneuver. In this case, that limits forward speed to a minimum of about 60 ft/s.

In addition, a traditional V-h diagram does not account for the physical location

of the landing zone, while the values generated in this simulation must account for

this. This is reflected in Figure 4.23, the V-h diagram determined by the safe set

simulation. High velocities produce unsafe conditions as the helicopter overshoots

the landing zone or descends too rapidly to the ground. At high altitudes, low speed

is preferred so the helicopter has time to to get to the ground before overshooting

the landing zone. At lower altitudes, low speed means the helicopter has time to

arrest its sink rate before reaching the ground. A general trend of low speeds and

moderate height is evident.

For these reasons, the traditional V-h diagram can not be compared to the

simulation’s V-h diagram. And while the simulated V-h diagram provides some

information, other outputs can give a much broader view of the results.

4.3.2 Flare Initiation Points

Figure 4.24 shows all the flare initiation points. The greater the number of vehicle

states that produce a safe state when paired with the initiation point, the closer to

dark red the point becomes. Matching intuition, the results show unsafe states to

be located in two particular locations. When the helicopter is near the horizontal

touchdown point relative to its initial altitude it cannot safely reach the ground

before overshooting the desired landing site. Horizontally far from the desired

landing zone and low to the ground, the helicopter cannot reach the landing zone

before it sinks to h = 0. Even near the landing site, it is not always possible to

find a safe path to touchdown from very low altitudes.

A view of what regions, rather than specific points, lead to safe flare is shown

in the contour plot Figure 4.25. Again, darker red indicates a flare initiation point

is very safe because many vehicle trim conditions can have a safe path to landing

from the point. Darker blue indicates that few or no trim states can be paired

with the flare initiation point to produce a safe state. The safe stars tend to fall

along a line drawn out my the trim autorotation condition. This makes intuitive
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Figure 4.22. V-h diagram for a UH-60

sense: if a safe flare condition exists at some close point for a certain trim state,

every point along the trimmed path to that point will be safe. The helicopter can

simply travel in trim to where the safe point is. Nearby states can also follow

similar paths.

Together the safe flare initiation points and the V-h diagram show the safest

condition is a helicopter at low to moderate speed with a fair bit of altitude and

distance to come down.

some ’islands’ of safer states cna be noticed in the scatter and contour plots

of Figure 4.24 and Figure 4.25. These may be due to the discretization used in

testing, both for flare initiation points and vehicle trim states. These may also be

the result of the optimizer design, whether due to the limited number of iterations

or the discretization of the control inputs.
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Figure 4.23. V-h diagram for Utility Helicopter Simulation
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Figure 4.24. Flare Initiation Points

4.3.3 The Probably Safe Set

The Probably Safe Set was discussed previously in Chapters 2 and 3. It is the

set of trimmed autorotation states for which a safe path to landing is likely to

exist. The Probably Safe Set is presented in Figure 4.26. The Probably Safe
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Figure 4.25. Flare Initiation Points

Set is a volume fraction of the region of flare initiation points which can result

in safe landing for a particular autorotation sequence. The coloring indicates the

number of safe flare initiation points normalized by the total number of safe flare

initiation points. The closer to red an area is, the more safe flare initiation points

exist for that particular autorotation state. A trim state with more available flare

initiation points is considered safer, because it has a larger safe area in which to

initiate flare. Examining Figure 4.26 leads to the conclusion that safe autorotation

is likely to occur when the helicopter begins flare with low forward speed and high

rotor speed. A consequence of high rotor speed is also having high initial descent

rate. This turns out to be a worthwhile trade, though. The energy in the rotor can

be used to manage both forward velocity and sink rate. Forward speed turn out

to be the biggest limiting factor. For the area of flare that was considered states

with u0above approximately 120 ft/s can find no safe spots from which to land.

A reason for the appearance of the probably safe set can be gleaned from

Figure 4.27 and Figure 4.28. Figure 4.27 shows the helicopter’s linear kinetic

energy at each available trim state. Figure 4.28 gives the ratio of the rotor kinetic

energy to the body kinetic energy.

Comparing these plots to the probably safe set, it becomes apparent that the



58

40
60

80
100

120
140

160

20
24

28
32

36
40
22

24

26

28

30

32

34

 

u (ft/s)w (ft/s)
 

Ω
 (

ra
d/

s)

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

Figure 4.26. The Probably Safe Set
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Figure 4.27. Vehicle Kinetic Energy in ft-lb

probably safe set is a mix of the two, leaning heavily toward the rotor kinetic

energy fraction. As described earlier in this chapter, high rotor speed is desirable

for flare. It gives the helicopter room to manage its controls. However, high rotor
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Figure 4.28. Rotor Fraction of Kinetic Energy

energy is not enough to guarantee a safe landing. If the linear kinetic energy of

the helicopter is too high, even large amounts of energy stored in the rotor do not

allow the helicopter to and land safely. This may result from physical limits on

the helicopter start point (being too close to the landing zone) or limits on the

controls and states during descent. there may not be enough control authority or

states may exceed their allowed limits if they start near them.

Another way to view this data is as total velocity vs. rotor speed. Figure 4.29,

also shown earlier in this chapter when defining the flare area, shows that the

most desirable states have low velocity and high rotor speed. This is very much

an expected conclusion. High rotor speed means a much wider range of control

inputs will be acceptable. Increasing CT and adjusting alpha to slow u and w at

the same time is possible if the rotor is spinning quickly. Though maneuvers tend

to decrease Ω if begins with a high value then it can safely drop farther than a

speed that begins near the bottom of the allowable range. Low velocity is also

obviously helpful to safely reaching the landing zone. low speeds are closer to the

desired landing conditions of almost zero velocity, and so need less management

from the controls.
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Figure 4.29. Total velocity compared to rotor speed for flare locations within the safe
set

4.3.4 Safest Trim State

The trim state with the largest number of safe flare initiation points is at approx-

imately:

ã = [69.1(ft/s), 32.87(ft/s), 230(RPM)]T (4.1)

This gives a total airspeed of 76.5 ft/s. Recommended autorotation trim for

the blackhawk helicopter, which is similar tot he model used in this analysis, is an

airspeed of 135 ft/s and a rotor RPM of 260 according to the manual [12]. The

simulated best state is 43%(airspeed) and 11.5%(main rotor RPM) lower than the

manual reccomended values. The reccomened autorotation condition exists for a

few reasons. It is near the best lift/drag ratio for autrotation descent. This gives

the pilot the most choices for the possible landing zone. This condition is also

fairly well approximated by linearization. Linearized equations of motion near this

region closely approximate the more complicated and accurate non-linear equations

of motion. This makes control for this state much easier to discern. The solved
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’safest state’ indicates when flare should begin. This means that the pilot should

use the reccomended best autorotation state to find a landing zone. Then before

initiation flare, reduce airspeed and increase descent rate to the reccomended safest

state.

The safe flare initiation points for the previously mentioned best autorotation

trim state are shown as white circles on top of the safe flare initiation point contour

in Figure 4.30. Methods to fill in the “missing” safe flare initiation points were

discussed throughout this chapter.
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Figure 4.30. Flare Initiation for the Best Region of the Probably Safe Set

In addition to defining safe autorotation conditions, the safe landing set can

be used as a goal space for mid-phase trajectory planners. A helicopter directed

toward the “thickest” area of the safe landing set will have maximum robustness

to errors or external disturbances when reaching the flare phase of autorotation.

Also, it would be helpful to consider the Probably Safe Set as a reference during

transition from engine failure to entry into trimmed steady autorotation descent.

Fast trajectory generation could be implemented with the optimal paths used

in computing the Safe Landing Set. When a helicopter enters flare, thus entering

the safe landing set, a path to touchdown can be decided on based on the paths

from the nearest safe points. A trajectory following algorithm can be used to guide
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the helicopter along this path.

4.4 Summary

Section 4.1 briefly reviews the algorithm for finding the Safe Landing Set. Many

autorotation trim states and flare initiation points are tested for paths to safe

landing. The testing involves attempting to find an optimal path to landing that

does not violate any constraints on the vehicle’s in-flight motion and also lands

sufficiently close to the desired landing location and vehicle state.

The subsection 4.1.1 describes the method by which the are where flare could

be considered to take place was decided on.

Section 4.2 shows example flight paths from a selection of different regions

inside and outside the safe Landing Set.

The paths in section 4.2.1 show that the optimizer used in finding the Safe

Landing Set is capable of producing safe paths to landing, and the vehicle dynamics

behave as expected.

Section 4.2.2 shows the difference between a point in the interior of the safe set

and multiple points at the limits of the safe set.

Section 4.2.3 compares points just inside the safe set to those just outside and

briefly comments on how additional points might be incorperated.

Section 4.3 focuses on different ways to view the high dimensional safe landing

set. Because it is a five-dimensional space, many methods of presenting the Safe

Landing Set exist and each gives a different view of the overall results. This section

is broken into 3 parts.

Section 4.3.1 discusses the V-h diagram, the traditional means for evaluating

safe operational conditions for helicopters. The usefulness of the V-h diagram is

discussed and a traditional V-h diagram and one from the simulation results are

contrasted.

Section 4.3.2 examines the safe flare initiation points, the locations in space

from which the helicopter may successfully reach the desired landing zone. Suc-

cessful landing from any one of these points also depends on the autorotation trim

state the helicopter is in when it reaches the initiation point and begins the flare

maneuver.
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In section 4.3.3 the Probably Safe Set is presented. It is the most informative

view of the safe landing set. The Probably Safe Set is a view of all the available

autorotation trim states and the relative number of safe flare initiation points

that may be used in conjunction with each trim state to reach a safe on ground

condition. A two dimensional view where u and w are combined to give airspeed

is also shown.

Finally, section 4.3.4 compares the recommended autorotation state from the

simulation with the traditionally accepted ’best’ autorotation trim descent for the

example helicopter model. The results are similar in rotor speed but differ consid-

erably in airspeed. A possible explanation for this difference is presented.



Chapter 5
Conclusion

This thesis was motivated by a need to ensure safe autorotation for unmanned

aerial vehicle (uav) helicopters. All helicopters run the risk of needing to perform

an autorotation descent should their engines fail. For human pilots autorotation

is a dangerous and difficult maneuver. For uavs it is something currently beyond

their capabilities. In both cases enabling a safe machine controlled or guided au-

torotation greatly reduces the risk of cargo and aircraft damage and pilot/passenger

injury or death. Real-time autorotation trajectory planners exist for autonomous

helicopters, however the final phase of autorotation, flare, happens very quickly,

is near the ground, and requires precise control inputs. Because of this, real-time

trajectory planners are not suitable for guiding the helicopter during flare.

Autonomous helicopters are gaining attention as systems which can be used for

resupply or casualty evacuation. To enable these uavs to perform the aforemen-

tioned tasks many are being fitted with expensive sensor suites. Medical evacuation

uav helicopters would also be carrying human cargo. Loss of payload or patient

in these cases is unacceptable. This is especially true in the event of power loss,

which is a condition known to be recoverable through autorotation. While this is

less of a concern for multi-engine aircraft it is certainly a real risk for single-engine

helicopters, which most uav helicopters are. Additionally, guided autorotation

reduces pilot workload during the maneuver, making manned flights safer as well.

Autorotation consists of five parts: (1)Engine failure causes power loss. The

pilot must lower the collective pitch of the blades and (2)enter autorotation in

which the air flowing up through the rotor drives the rotor and produces lift.
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Entry transitions to a (3)steady descent which brings the helicopter near to the

landing zone. At this point the helicopter must (4) transition from steady descent

and begin the flare maneuver. During (5)flare the helicopter uses the momentum

in its rotor to slow its horizontal speed and its sink rate to levels acceptable for

touchdown. If flare begins too high above the ground the helicopter stalls and falls

to the ground. If flare is initiated too low the helicopter crashes into the ground

with too great an airspeed. The correct location for flare initiation is determined

by the state of the helicopter during its steady descent.

Autonomous autorotation is an active research topic in the rotorcraft com-

munity. Optimal control has been used to find both powered and autorotation

trajectories and for pilot cueing. Other novel approaches such as machine learning

and model-predictive control have also been attempted. Reachable set analysis

is also an active research topic. However, combining optimal control and reach-

able set analysis for autorotation path planning has not yet been attempted. This

method is especially useful in the flare phase of autorotation. A flare law separate

from the descent path planner is needed to account for differences between the

simulated and actual autorotation descent paths. These differences can come as a

result of wind gusts, steady wind fields, differences between the actual helicopter

and the model, or changes to the landing zone terrain during descent. An improved

method for flare control is also a topic recommended by other researchers in the

field focused on the entry and descent phases.

5.1 Summary of Contributions

5.1.1 Safe and Probably Safe Sets

The backwards reachable set consisting of initial vehicle states for which there

exists safe, feasible paths to touchdown was created. This is the Safe Landing

Set. The Probably Safe Set a subset of the Safe Landing Set, is the set of all

trim autorotation conditions for which a safe, feasible path to landing exists when

paired with the correct flare initiation point. these sets can be used to guide the

helicopter during the entry and descent phases of autorotation, and also provide

robustness for the helicopter should the simulated path not match the actual path
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of the vehicle. As long as the helicopter remains within the Safe Landing Set a safe

path to touchdown exists. An algorithm for computing the Safe Landing Set using

parameter optimization and varying relative weights of cost function variables was

developed.

5.1.2 Derivation of Height-Discretized Equations of Mo-

tion

The equations of motion for a generic utility helicopter were modified such that

time was replaced by height as the independent variable. This derivation removes

the ambiguity of an unknown time end condition and replaces it with a known hf =

0 end condition. A forward Euler method was presented as means of discretizing

these equations of motion.

5.1.3 Trajectory/Parameter Optimization

Trajectory optimization was shown to be a legitimate method for solving for a

safe path from flare initiation to touchdown. After introducing the height-based

equations of motion, the trajectory optimization approach becomes a parameter

optimization approach. The MATLAB function fmincon, which minimizes a cost

function C, was used to solve the parameter optimization problem. The cost func-

tion C consists of two parts: a touchdown cost Ctd and a vehicle state constraint

cost Cstate. The relative weight of these costs may be adjusted with the parameter

γ.

5.1.4 Autorotation Analysis

The parameter optimization approach was used with a generic utility helicopter

model to analyze the flare maneuver. The region that constitutes flare was defined.

It was shown that trimmed autorotation states with low kinetic energy and a high

fraction of rotor-to-total kinetic energy are desirable because they have a larger

number of points from which it is safe to begin flare.

Points on the edge and slightly outside of the safe set were also examined.

Points at the edge of the safe set show controls and states near or at their limits
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for large portions of the maneuvers, as would be expected as the optimizer strains

to find acceptable solutions at the edge of its limits. Various reasons for the unsafe

states failure to produce a safe flare maneuver are investigated and explained.

5.2 Recommendations for Future Work

5.2.1 Control Rate Limits

For some solutions the controls oscillate in a manner that would not be acceptable

when operating a helicopter. A cost should be applied to the controls or their

rates to minimize this. For instance: minimizing the 1-norm of the control vectors

would push the controls toward less extreme values. This would of course mean

large changes in control inputs are less favorable.

5.2.2 State and Wind Estimation

This thesis assumes perfect knowledge of vehicle state and zero wind. However,

this is not the case in which actual uavs fly. While the safe set is capable of

handling disturbances caused by imperfect models or wind gusts, the helicopter

must be aware of how it has moved and what its current environment is. Without

proper state and wind estimation the helicopter is unable to ascertain if it is within

the safe set or what corrections it must make to its trajectory to remain on a safe,

feasible path to landing.

5.2.3 Landing Site Selection

In order for the Safe Landing Set to have any impact the desired landing site

must be known. A good estimation of location, terrain angle, and special features

(e.g. sandy or dusty conditions limiting downwash to avoid brownout) is necessary.

Safety of initial states is tied to their ability to reach the desired landing site. If

the actual desired site differs from the estimated desired site by too wide a margin

then the safe set is of little use.

In addition, in order to use the Safe Landing Set as a goal for other stages

of autorotation a landing site must be selected well in advance of the helicopter
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reaching the descent or flare phase of autorotation. Ideally, landing site selection

would happen in real time while the helicopter was under powered flight as a

precaution in case power loss should occur.

5.2.4 Flare Trajectory Generator and Follower

A helicopter attempting flare within the boundaries of the safe landing set should

be able to reach the ground safely. To accomplish this for states that are not

physically identical to points in the safe landing set an interpolation of the control

inputs matched to nearby safe points will generate control inputs that will safely

bring the helicopter to the landing zone. The helicopter may then attempt to

follow the ideal trajectory produced by this method.

5.2.5 Robust Safe Landing Set

The safe landing set is likely to be affected by head and tail winds. These can be

steady state winds or unsteady wind gusts. In either instance there is a possibility

for the winds to change which states are safe or unsafe. Development of a landing

set that is robust to both steady state head and tail winds and wind gusts will

greatly improve the usefulness of the safe landing set.



Appendix A
Further flight path examples

A.1 Safe Flight Paths

This section provides additional comparisons between a point in the center of the

safe landing set and points on the edge of this set.

Figure A.1 and Figure A.2: These compare the central point to a point on

the edge of the safe set. This edge point has a identical trim state and horizontal

start distance to the central point but a beginning altitude 50 feet lower. This

point represented the lowest start point that matches the central point in all other

aspects. The two results differ mainly in w and α. w drops quicker for the edge

state and α spends a longer period at its lower limit. This makes intuitive sense. w

must be lower for the edge state so that it can travel the same horizontal distance

before touching down. The control α reaches its minimum threshold during the

maneuver, which is to be expected as the helicopter attempts to slow itself before

it reaches the ground. It is also expected that α reaches its bound because the

state is at the edge of the safe set. At these edge locations the controls should be

pushing against their limits. Beyond the edge points the controls can no longer

create a safe flare path within acceptable bounds.

Figure A.3 and Figure A.4: The edge state is identical to the central state,

except the initial horizontal distance to touchdown is as close as possible while

matching all other initial conditions. The differences appear mostly in dfinal, w,

and α. The edge state landing at a d farther from the central’s landing location is

expected, it starts closer to the landing zone. Because the edge state is closer, it will
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Figure A.1. Comparison to lowered start point: states v. horizontal distance

naturally overshoot the landing zone. w remains near the upper limit throughout

the maneuver as the helicopter tries to drop down before overshooting the landing
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Figure A.2. Comparison to lowered start point: height v. states

zone. The average value for α is obviously much lower than that for the central

point. At a closer point it is likely the helicopter is not able to control w within the

necessary bounds to reach the ground. It will either land with too great a vertical
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Figure A.3. Comparison to forward start point: states v horizontal distance

velocity or will overshoot the landing zone before it can touch down.

Figure Figure A.5 and Figure A.6: A comparison is shown between the central
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Figure A.4. Comparison to forward start point: height v. states

point in the safe set and a point sharing the flare initiation location but having

the slowest velocity for which a safe landing exists at that point. This difference

in velocity exists mainly in the initial horizontal velocity. The edge state also has
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Figure A.5. Comparison to faster start point: states v horizontal distance

a lower beginning Ω. The controls behave as would be expected in this scenario:

the helicopter does not approach the limit on α because it is already moving fairly
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Figure A.6. Comparison to faster start point: height v. states

slowly. The sink rate is near or at its maximum for most of the maneuver and the

rotor speed is near or at its minimum. Obviously, neither of these is ideal. For

slower speeds than the one presented here there is likely not sufficient energy in
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the rotor to keep the other states within bounds.

A.2 Unsafe Slight Paths

This section presents more comparisons between points just inside and outside the

safe landing set.

Figure A.7 and Figure A.8: The unsafe state here exists slightly closer to the

horizontal landing location and matches the safe state in all other aspects. As a

consequence w is made to exceed its upper limit in a bid to keep the helicopter from

overshooting the landing zone. Another reason w is so large is that the helicopter

spends much of the maneuver tilted as far back as is permissible trying to slow

itself. Overall, it is just not feasible for this trim condition to reach the ground

safely from a location as high and close as the one presented here in the unsafe

condition.

Figure A.9 and Figure A.10: The unsafe state, which has a higher initial velocity

than the safe state, almost immediately has its descent rate drop below zero. This

breaks a fundamental rule of the height based equations of motion and results in

a catastrophic failure.

As with an example in Chapter 4 Figure A.11 and Figure A.12 show that

applying safe controls from a nearby state can result in improved performance.

The unsafe state is still unsafe, but it appears it may be manageable with further

analysis.
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Figure A.7. Comparison to closer start point: states v horizontal distance
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Figure A.8. Comparison to closer start point: height v. states
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Figure A.9. Comparison to faster start point: states v horizontal distance
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Figure A.10. Comparison to faster start point: height v. states
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Figure A.11. Safe controls applied to an unsafe state
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Figure A.12. Safe controls applied to an unsafe state
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