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Abstract

This research is motivated by the significant economical efficiency of multilift sys-
tem for carrying a single heavy payload, which includes both military and com-
mercial cargo.

This thesis seeks to develop a solution for the more general problem of multilft
that uses two or more autonomous rotorcraft to transport a single payload. This is
accomplished with Object Based Task Level Control (OBTLC), where a complex
control system of multilift is separated into three control layers. Top-level is the
payload trajectory following controller, which is a closed-loop controller computes
net force and moment on the load’s center of gravity so a desired trajectory is
followed. Mid-level is the cable force control, which computes cable force at each
attachment point so that the net force and moment on the CG equal to the desired
value from the trajectory following controller. Finally, low-level is the flight con-
troller onboard each helicopter that ensures the desired cable force and direction
are satisfied.

Mid-level control is the main focus of this thesis. A two-step cable force com-
putation is developed: first, solve the least-norm solution to satisfy the desired net
force and moment required for payload to follow its trajectory; second, compute
null space of cable force to ensure other constraints (such as vehicle separation and
cable force constraint) are met. Condition number is used to select the location
of attachment points so that any error in the cable force will have minimum effect
on the payload. Additionally, cable force angle constraint is developed to improve
stability of the payload.

A multilift simulation, where each helicopter, cable, and the payload have their
own equation of motion, is used to test and validate the aforementioned approach.
Result of simulations showing four degree of freedom transport of a load (North,
East, Down position and yaw angle) are used to show the utility.
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Chapter 1
Introduction

This thesis seeks to develop a solution for the more general problem of multilift that

uses two or more autonomous rotorcraft to cooperatively carry a single payload.

The research is motivated by the economical efficiency of using multiple rotorcraft

to carry a single heavy payload, and these payload are relatively few. On the

other hand, developing larger and higher lifting capacity rotorcraft is not only

economically inefficient but also ineffective to manufacture huge rotorcraft those

full-lifting capacity will be rarely used [2]. Therefore, a robust multilift system is

a more effective way to solve the heavy lifting problem, and to fully utilize the

capacity of rotorcraft.

The concept of using two helicopters to cooperatively carry a single slung load

(twin-lift) has been examined several times over the past few decades for both

manned and unmanned helicopters [3, 5–8]. However, a more general solution to

the multilift problem must be developed to fully utilize the concept. This problem

is exceptionally challenging because as the number of rotorcraft increases, overall

system complexity increases and the coordinating control along typical flight paths

becomes extremely difficult.

This thesis: (a) describes a solution to the general multilift problem using Ob-

ject Based Task Level Control; (b) describes a cable force computation algorithm

that will satisfy constraints for operational safety while providing desired net force

and moment for the payload to follow the command; (c) describes how the location

of attachment points on payload will affect its stability; (d) introduces cable force

angle constraint for helicopter formation to improve stability of the payload.
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1.1 Motivation

Rotorcraft are often the most effective way to transport cargo to and from areas

that fixed-wing aircraft cannot reach safely. Single-helicopter slung-load operation

was commonly used since 1950s, and these operations were further developed and

extensively used during the Vietnam war. However, the maximum load capacity of

current rotorcraft is somewhat limited. Many heavy military vehicles and cargos

cannot be transported by a single rotorcraft. While larger and higher lifting ca-

pacity rotorcraft could be developed to solve this problem, it is very inefficient to

develop and manufacture a huge rotorcraft whose full-lifting capacity will be rarely

used. Earlier studies has show that as the rotorcraft become larger, the produc-

tivity gains with the size of rotorcraft have been leveling off. Figure 1.1 illustrates

this trend [2]. Due to this fact, developing super large lifting capacity rotorcraft

is not the optimal solution to the problem since even the largest rotorcraft has its

limitation.

Figure 1.1. Ideal relative productivity at 100 nautical miles [2].

With the cooperation of multiple rotorcraft, transporting heavy cargos and

vehicles can be much more economical and effective. Moreover, with a solution

to general multilift problem that is expandable, the heavy lifting problem can

eventually be solved. Most of the research conducted to date have focused on
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twin-lift system including the development of equations of motion, operational

concepts, and stability control [3, 5, 9–11]. This thesis is focused on the more

general problem of multilift. It seeks to develop a solution that is scalable at least

up to reasonable numbers of rotorcraft.

The solution is a hierarchical approach, based on a concept known as Ob-

ject Based Task Level Control (OBTLC), developed for robotic manipulator sys-

tem [12, 13]. In this framework top-level control is abstracted to the level of the

desired payload trajectory and lower-level controllers aboard each robot determine

the individual control inputs required to ensure that the desired payload trajec-

tory is followed. In the application examined here, top level control is a trajectory

following controller that computes desired payload acceleration, middle level con-

trol computes the cable forces that will result in the desired acceleration, and low

level control is controller aboard each helicopter that ensures the required cable

tension and cable angle are actually flown. This approach has several advantages:

it is scalable, allowing the team (or flock) of rotorcraft to grow as the payload

weight increases; it is possible to bring a human into the loop at several levels (for

example, a human operator could “steer the payload” while the rotorcraft steer

themselves in a way that best allows the payload to follow commanded inputs; a

human could also take over at the level of rotorcraft control, although this could

be difficult for a human pilot); finally, the abstractions at each level mean that

the implementation details at each level do not have a significant effect (beyond

performance constraints) on other parts of the control architecture.

1.2 Previous and Related Work

The use of two or more rotorcraft to carry a single payload has been investigated

many times since the early success of single slung load rotorcraft operation in

1950s. These investigations were mostly sponsored by the Department of Defense.

Sikorsky was funded in 1968 for studies of possible twin-lift techniques. The re-

sult of the study was a successful demonstration of a twin-lift system using two

CH-54B helicopters in 1970. The study considered many options and selected the

spreader bar configuration, show in Figure 1.2. The demonstration confirmed the

feasibility of multilift operation for short distance. However, pilot workload was
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high. Therefore, in order for the system to transfer at significant velocity, auto-

matic control is required to reduce the pilots burden. From the demonstration, the

master-slave control concept was developed, where a command pilot in the master

helicopter fly the formation while the slave helicopter is automatically controlled

to maintain spreader bar orientation and separation. Moreover, It became appar-

ent from the demonstration that a better understanding of twin-lift dynamics is

required [3, 14, 15].

Figure 1.2. Sikorsky Twin-lift demonstration with CH-54B [3].

After the successful demonstration by Sikorsky, many research have been focus

on the twin-lift system. In 1985, Cutiss and Waburton developed the equation of

motion for a twin-lift system with spreader bar configuration, discovered modes

of motion and nature of the control response characteristics, and suggested us-

ing feedback control to achieve a more stable system [3]. In 1986, Cicolani and

Kanning provided extensive system characteristics as well as simulation results for

twin-lift system [14]. In 1992 Mittal et al. investigated stability and control char-
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acteristics of two twin-lift configurations, one with spreader bar and one without.

The result showed that the configuration without spreader bar is also feasible when

using feedback control [5]. Mittal and Prasad also investigated three dimensional

modeling and control of twin-lift system, and the research concluded that the pi-

lot workload was very heavy during the operation so automatic control is needed

to achieve a more stable operation [6]. Research into control of twin-lift systems

has also been examined synthesis [16], stability augmentation using non-linear

state feedback [9–11] and adaptive control [17]. In 2010, Maza et al. presented

a sensor network architecture to perform cooperative mission with small multi-

UAV platform, and they experimented the network with a case of three helicopter

transporting a single load [7].

In 2013, Song et al. developed and implemented a multilift simulation model

that is designed to be modular and generic. The model is capable of simulating

various configuration of rotorcraft, spreader bars, and external loads. The model

also treats each helicopter and the payload as individual object with their own

equation of motion, and they only physically interact through the cable. A non-

linear control scheme was developed that uses a dynamic inversion approach to

compute the desired control input such that each helicopter will closely satisfy

the desired cable force requirement to control the payload. An example of four

helicopters carrying a single payload was presented to demonstrate the simulation

capability and the controller’s performance [18].

In summary, a significant amount of research has been done in past few decades

for the twin-lift system. Research for multilift beyond two rotorcraft have also been

conducted in recent years [19, 20] as the sensing technology for aerial vehicle has

been significantly improved in the last two decades.

1.3 System Overview

A control system of multilift is shown in Figure 1.3.

The “Desired Trajectory” block provides desired state of the payload, which

can be automatically generated in the case of autonomous operation or from hu-

man operator in the case of manual operation. The trajectory also needs to satisfy

the path constraint as well as the kinematic and dynamics constraints of the mul-
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OBTLC 

Helicopter State 

Payload State 

Desired 
Trajectory 

Payload 
Controller 

Flight 
Controller 

State 
Estimator 

Trajectory 
Following 
Controller 

Multilift 
Simulator States 

Figure 1.3. Multilift system overview.

tilfit system. OBTLC is used for the multilift system control proposed in this

thesis, which contains three levels of control with trajectory following controller

at top level, payload control at middle level, and rotorcraft flight controller at low

level. The controller commands are send to the “Multilift Simulator” to model

the dynamics of each helicopter and the payload. Note that all helicopters and

the payload have their own equation of motion, and are treated as separate object

instead of a single multi-body model. The “State Estimator” estimates the state

of each helicopter and the payload based on sensed data from the onboard sensors.

The control layers in OBTLC work together to control the payload so that its

desired path is followed and any constraints, which are necessary for operational

safety and mission requirements, are satisfied. This thesis is focused on the middle

level controller, “Payload Controller”. It discusses the cable force computation

using least-norm solution to satisfy the net force and moment and using null space

solution to satisfy constraints on the system. The thesis also presents the effect of

attachment point geometry (on payload) and the cable force angle constraint on

the stability and controllability of the payload.

1.4 Problem Description

Upon receiving the payload’s desired state, the trajectory following controller com-

putes the desired net force and moment to “steer” the payload from its current
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state to the desired state. Any kind of trajectory following controller can be use for

the task as long as it outputs the net force and moment on the CG of the payload

(and here uses a PID controller as an example). The net force and moment and the

geometry of cable attachments (on the payload) are used to compute the individ-

ual cable force for each tether, which sum up to the desired net force and moment

while satisfy any constraints on the system. This step is critical as it affect con-

trollability and stability of the payload and operation safety of the helicopter. The

cable force vectors are used to compute the desired state of each cable attachment

point on the helicopter. Then, the desired attachment point (on helicopter) state

is sent to the helicopter flight controller to ensure that the desired cable force and

direction is applied. Finally, the multilift simulator models the dynamic of each

helicopter and the payload, and feeds their state back to the trajectory following

controller for next time step computation. Summarizing, the multilift problem

can be broken down into three basic problems: payload trajectory following, cable

force computation, and helicopter control.

1.5 Assumptions

The following is a list of major assumptions that are considered in this thesis.

• Flat earth assumption

The equations of motion for both payload and helicopter are assuming that

the Earth is flat and not rotating so the inertial reference frame is fixed to

the Earth.

• Cable attachment on helicopter

For all simulations, cable is attached at the center of gravity of the heli-

copter to reduce the complexity of the helicopter controller since this thesis

is focused on the payload control.

• Cable attachment point

Cable attachment points on both payload and helicopter are assumed to be

frictionless ball and socket joints.
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• Effect of cable inertia

The inertia (mass and moment of inertia) and aerodynamic effects of the

cable are neglected.

1.6 Contributions

Primary contributions of this thesis are as follows:

• OBTLC design for multilift system

Provide control solution for general multilift system, which reduces the com-

plexity by separating the control into three layers.

• Effect of attachment point geometry

Present analysis results on the effect of cable attachment geometry on the

controllability of the system.

• Cable force computation

Describe method that systematically computes the cable forces to satisfy the

desired net force and moment while fulfilling operational safety requirement

and other constraints.

1.7 Reader’s Guide

The remainder of this thesis is organized as follows. Chapter 2 provides an overview

of the problem at hand, defining coordinates, describing the control methodology

and defining dynamics of the payload. Chapter 3 discusses each of the compo-

nents of the control system, focusing especially on computing the cable forces that

are required for the payload to follow a desired trajectory while fulfilling con-

straints such as helicopter separation. Chapter 4 presents the results of analysis

on cable attachment geometry and cable force constraint. Chapter 5 discusses the

simulations used to show the utility of the approach, and presented their results.

Chapter 6 concludes this research by summarizing the contributions of this thesis

and discussing recommendations of future work.



Chapter 2
The Multilift Problem

The goal here is to control a load carried by N helicopters so that the payload will

follow its desired trajectory (Figure 2.1). It is assumed that each helicopter has

knowledge of its own state and that payload state is also known (e.g. via gps/ins).

n 

e 

d 

Fi 

FCG 

MCG 

z 

y 

x 

desired payload 
trajectory 

gi 

pi 

ri 

O 

Figure 2.1. Schematic of coordinated slung-load transport problem.

Referring to Figure 2.1, payload position p is expressed in an inertial North-

East-Down frame O, and the desired trajectory is defined in this frame. Cable

attachment points gi are defined in the payload-body frame, and the position ri

of a helicopter is expressed in the inertial frame.

Given a desired trajectory, the required force FCG and moment MCG to en-

sure that the trajectory is flown can be computed from payload dynamics. The
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problem is now to determine the cable forces Fi so that: (1) the sum of forces and

moments induced by cable forces at the payload CG is equal to the desired force

and moment; (2) vehicle separation constraints are satisfied; (3) other constraints

(such as controllability) are satisfied.

While trajectory generation is not the subject of this thesis, It is assumed

that the desired trajectory is dynamically and kinematically feasible: i.e. each

helicopter is able to generate the required thrust to maintain desired cable force,

and each helicopter is equipped with a flight controller so that desired helicopter

state is maintained. Issues related to helicopter control are addressed in other

work [18], while this thesis is focused on the payload control especially the cable

force computation of the multilift system.

2.1 System Description and Control Architec-

ture

The block diagram in Figure 2.2 shows a hierarchical approach to coordinated

transport.

payload 

flight control 

trajectory following 
controller 

slung load 
dynamics 

aircraft 1 

cable force 
computation  

payload 
net force 

aircraft 2 

aircraft n 

payload 
trajectory 

!"
!"
!"

xdes 

x 

FCG 

F1 

F2 

Fn 

MCG 

Figure 2.2. Schematic of Object Based Task Level Control for Multilift.

The desired payload state xdes is obtained from some payload trajectory (or

human operator). A trajectory following controller computes the desired net force

FCG and moment MCG acting on the payload (equivalently, the net acceleration
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and net angular acceleration acting about the center of gravity of the payload).

Cable forces Fi that result in this net force and moment are computed based on the

geometry of the cable attachments and constraints such as vehicle separation. The

flight controller aboard each helicopter ensures that the required cable tension and

cable direction (with respect to the payload) are flown. Payload state x is provided

either by a sensor (e.g. gps/ins) on the payload or it is estimated by the team of

helicopters.

2.2 Payload Dynamics

Payload position is expressed in the North-East-Down frame as n, e, d. Payload

rotations are expressed as Euler angles φ, θ, ψ relative to the inertial North-East-

Down frame. Payload velocities u, v, w are expressed in the payload-body frame.

Using the standard definition of Euler angles, payload kinematics are

ṅ =

u cos θ cosψ + v(sinφ sin θ cosψ − cosφ sinψ) + w(cosφ sin θ cosψ + sinφ sinψ)

(2.1)

ė =

u cos θ sinψ + v(sinφ sin θ sinψ + cosφ cosψ) + w(cosφ sin θ sinψ − sinφ cosψ)

(2.2)

ḋ = −u sin θ + v sinφ cos θ + w cosφ cos θ (2.3)

φ̇ = p+ q sinφ tan θ + r cosφ tan θ (2.4)

θ̇ = q cosφ− r sinφ (2.5)

ψ̇ = q
sinφ

cos θ
+ r

cosφ

cos θ
(2.6)

Assuming that the payload’s mass moment of inertia matrix is diagonal,

u̇ = rv − qw − g sin θ +
Fx
m

(2.7)

v̇ = pw − ru+ g cos θ sinφ+
Fy
m

(2.8)

ẇ = qu− pv + g cos θ cosφ+
Fz
m

(2.9)
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ṗ =
1

Jx
[Mx + (Jy − Jz)qr] (2.10)

q̇ =
1

Jy
[(My + (Jz − Jx)rp] (2.11)

ṙ =
1

Jz
[Mz + (Jx − Jy)pq] (2.12)

where F = [Fx Fy Fz]
T (the net force acting on the payload CG, expressed in the

payload-body frame) and M = [Mx My Mz]
T (the net moment acting about the

payload CG, expressed in the payload-body frame).

2.3 Cable Force

A cable attached to the payload at a point gi (see Figure 2.1) induces a force and

moment on the CG: [
Fcable,CG,i

Mcable,CG,i

]
=

[
Fcable,i

gi × Fcable,i

]
(2.13)

Written as a matrix multiplication,

[
Fcable,CG,i

Mcable,CG,i

]
=



1 0 0

0 1 0

0 0 1

0 −gi,z gi,y

gi,z 0 −gi,x
−g1,y g1,x 0


Fcable,i = GiFcable,i (2.14)

where gi = [gi,x gi,y gi,z]
T defines the vector from the payload CG to the ith cable

attachment point, Gi is a geometry matrix for the ith cable attachment that defines

the effect of the ith cable force on the CG, and Fcable,i = [Fcable,i,x Fcable,i,y Fcable,i,z]
T

are the components of the cable tension. Note that the choice of frame in which

gi and Fi are resolved is arbitrary (although both must be resolved in the same

frame), it is in practice most convenient to resolve these in the payload-body frame.

The total force and moment acting at the payload CG is the sum of contribu-
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tions from all the cables:

[
Fcable,CG

Mcable,CG

]
=
[

G1 G2 · · · GN

]


Fcable,1

Fcable,2

...

Fcable,N

 (2.15)

= GFcable (2.16)

A six degree of freedom payload will require at least three cables to provide

control over all degrees of freedom. While two cables will give six components

of cable force (and thus a square G matrix), a solution for Fcable will not exist

because G will be singular. Physically, this condition will leave the payload free to

rotate about the vector connecting the two attachment points. With three or more

cables Equation 2.16 is underdetermined, giving an infinite number of solutions.

This property will be used to compute cable forces that satisfy the desired net

force and moment while simultaneously satisfying other constraints. A method for

solving Equation 2.16 is discussed in a later section.

2.4 Helicopter Desired State and Acceleration

The components of cable force computed from the solution to Equation 2.16 define

cable angles with respect to the payload-body frame. Combined with cable length,

these angles define the desired position of a helicopter with respect to the pay-

load (Assuming cable is attached at CG of the helicopter); helicopter velocity and

acceleration with respect to the payload are defined by desired position and the

payload trajectory. The helicopter’s net thrust vector is determined by the desired

cable force and by desired helicopter acceleration. This is shown schematically in

Figure 2.3.

A cable is modeled as a damped spring, so the magnitude of tension in the ith

cable is

Fcable,i = kc∆li + ccl̇i (2.17)

where ∆li is the difference between stretched length and unstretched length of

the cable, kc is the spring constant of the cable, l̇i is the rate of change of cable
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Figure 2.3. Schematic of helicopter position with respect to CG of payload.

length, and cc is the damping constant of the cable. Clearly cable tension must be

non-negative (you can’t push on a rope).

Given net cable length, the position of the ith helicopter relative to the attach-

ment point is

rheli/att,i = (li,0 + ∆li)
Fcable,i

Fcable,i
(2.18)

where li,0 is the unstretched cable length. The position of a helicopter with respect

to the payload CG is

rCGi = gi + ratti (2.19)

Then the desired position, velocity, and acceleration of the ith helicopter relative

to the inertial frame are

ri = p + rCGi (2.20)

vi = v + l̇i
Fcable,i

|Fcable,i|
+ ω × rCGi (2.21)

ai = a + ω̇ × rCGi + ω × ω × rCGi (2.22)



Chapter 3
Coordinated Transport Control

To illustrate the control architecture proposed in this thesis, a payload trajectory

controller consisting of feedforward accelerations and state feedback is used to

compute desired payload forces and moments. A general method for computing

cable forces is derived: this method first computes a least norm solution for the

required cable forces, and then uses the null space of the cable geometry matrix to

ensure that constraints are satisfied. This guarantees that cable forces satisfy the

desired net payload force and moment.

3.1 Payload Trajectory Control

In the transport strategy proposed here the first step is controlling payload state.

This may involve maintaining position over a target or the more general case follow-

ing a desired trajectory, and the specific choice of trajectory following controller is

arbitrary. Recall that the output of the trajectory following controller is a desired

net force and moment on the payload center of gravity (or equivalently, desired

payload acceleration). For demonstration purposes a PID controller that follows a

trajectory in an inertial reference frame is used here.

The payload is assumed to be near level (i.e. pitch and roll angles are small)

and angular rates are small. Payload kinematics are therefore

ṅ = vn (3.1)

ė = ve (3.2)
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ḋ = vd (3.3)

φ̇ = p (3.4)

θ̇ = q (3.5)

ψ̇ = r (3.6)

v̇n =
Fn
m

(3.7)

v̇e =
Fe
m

(3.8)

v̇d = g +
Fd
m

(3.9)

ṗ =
Mx

Jx
(3.10)

q̇ =
My

Jy
(3.11)

ṙ =
Mz

Jz
(3.12)

where v(·) denotes components of velocity in the north, east, or down direction

and F(·) denotes components of the net force in the north, east or down directions.

Written compactly in discrete form,

xk+1 = Axk + Bu (3.13)

where

xk = [nk ek dk φk θk ψk vn,k ve,k vd,k pk qk rk]
T (3.14)

uk = [Fn,k Fe,k Fd,k Mx,k My,k Mz,k]
T (3.15)

For trajectory following, a PID controller of the following form is used.

uk = Kp (xk,s,des − xk,s) + Ki
1

z − 1
(xk,s,des − xk,s) + Kd (xk,d,des − xk,d) + uk,traj

(3.16)

xk,s = [nk ek dk φk θk ψk]
T (3.17)

xk,d = [vn,k ve,k vd,k pk qk rk]
T (3.18)
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Where xk,s,des is the desired payload position and Euler angle at time step k;

xk,d,des is the desired payload velocity and angular rate at time step k; uk,traj is a

feed forward term computed from the desired acceleration atraj of payload and the

payload inertia matrix M. A schematic of this controller is shown in Figure 3.1.

M 

PID Plant 

atraj 

xtraj 

utraj 

u =  
FCG 
MCG 

x 

Figure 3.1. Block diagram of feedforward and state feedback controller.

The desired payload forces computed above are expressed in the inertial frame

(moments are in the payload-body frame). In the body frame, payload forces and

moments are [
FCG

MCG

]
=

[
T 03×3

03×3 I3×3

]
u (3.19)

where T is the direction cosine matrix that transforms a vector from the inertial

frame to the payload-body frame and 03×3 and I3×3 are a 3 × 3 matrix of zeros

and the identity matrix, respectively. The desired payload forces and moments can

now be used to compute the desired cable forces.

3.2 A general formulation for cable force compu-

tation

As stated earlier, Equation 2.16 is underdetermined, hence there are an infinite

number of solutions. One solution minimizes the total cable forces (the minimum

norm solution), and this can be computed in closed form given a particular cable
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attachment geometry matrix G:

FLN
cable = GT

(
GGT

)−1 [ FCG

MCG

]
(3.20)

In the payload body frame G is constant, thus GT
(
GGT

)−1
can be precom-

puted. Computing a set of cable forces that satisfy the desired net forces can thus

happen at high rate in real time.

This least norm solution will ensure that the desired net force and moment

acting on the payload center of gravity is satisfied. However, constraints (such

as helicopter separation) or other considerations (such as controllability of the

payload) may also apply. Cable forces that exist in the null space of G will not

affect payload net force and moment, and the null space can be used to satisfy

constraints or other considerations. The net cable force vector will thus be

Fcable = FLN
cable + Fnull

cable (3.21)

where (by definition)

GFnull
cable = 0 (3.22)

A set of forces that satisfy Equation 3.22 can be computed as a linear com-

bination of vectors that span the nullspace of G. Suppose {g̃i, i = 1 . . . 3N − 6}
define an orthonormal basis for the nullspace of G, then

Fnull
cable =

[
g̃1 g̃2 · · · g̃3N−6

]
f (3.23)

will automatically exist in the nullspace of G and will thus have zero net effect on

the payload center of gravity. The problem now is to find f so that constraints are

satisfied.

This can be done by solving the optimization problem

minimize C
(
FLN
cable, f

)
(3.24)

subject to Fcable = FLN
cable + G̃f (3.25)



19

g (Fcable) ≤ 0 (3.26)

h (Fcable) = 0 (3.27)

0 < Fi ≤ Fmax (3.28)

The procedure for computing the required cable force is thus to first compute

the least norm solution and then compute the null space force so that constraints

are satisfied. The cost function (Equation 3.24) defines the additional consider-

ations (e.g. controllability) or tries to minimize total cable force; the inequality

and equality constraints (Equations 3.26 and 3.27) can be use to satisfy the he-

licopter minimum separation constraint that ensures each helicopter is in a safe

distance with respect to each other; the cable force magnitude constraint (Equa-

tion 3.28) ensures that positive tension is maintained on each cable and that max-

imum allowable tension is not exceeded; other constraints that improve stability

and disturbance rejection of the system.

3.3 Helicopter control

A critical component is the helicopter’s on-board control. It has two main func-

tions: first, to ensure that the desired vehicle state is maintained; second, to ensure

that the desired cable tension is maintained. Helicopter control is not the focus of

this thesis, but a few criteria are briefly outlined.

The required accuracy of helicopter state control is dependent on cable length.

Since the position of the helicopter with respect to the payload defines the direction

of the cable force vector, a long cable will result in less sensitivity to errors in

helicopter relative position. Longer cables will also result in a longer system time

constant. Cable extensibility will also permit more error in helicopter state control,

however the question of stability as a function of cable stiffness must be addressed.

Cable tension is critical. Loss of tension in a cable may result in loss of the

payload (and of the vehicles transporting the payload). A means to measure cable

tension as well as fast response to commanded changes in helicopter thrust will

greatly improve overall performance.
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3.4 Payload state computation

Here it is assumed that payload state is known through a gps/ins mounted on the

payload. If this system is not available then a means of estimating payload state

from helicopter state will be required.



Chapter 4
Cable Attachment Geometry and

Cable Force Constraint

Since the geometric matrix of cable attachments, G, is part of the equation of

motion, the location of attachment points and the direction of cable forces will

have effect on the stability and controllability of the payload. Previous work [21]

showed that the effect of sudden constant wind changes with different helicopter

separation constraint. This chapter looks into the problem further to obtain a

more comprehensive understanding of the effect on the payload stability and con-

trollability with different attachment geometry and cable force constraints. A 6.1

meters (20ft) standard shipping container is used for the analysis presented in

this chapter. However, the methodology is same for any rectangular payload with

different dimension (Ex: 2.57m× 1.88m× 1.88m CONEX container).

4.1 Payload Controllability and Cable Attach-

ment Geometry

Condition number is used to determine how the error in cable force affects the

net force and net moment on the CG of the payload. When condition number is

close to 1, the system is well conditioned, which means the error in cable force

will have relatively the same magnitude of effect over all degree of freedoms of the

payload. Condition number can be computed with singular value decomposition
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(SVD), where SVD for a m by n matrix M is defined in Eq. (4.1) [22–24].

M = UΣVT (4.1)

Where Σ is a m by n diagonal matrix that contains square roots of the non-zero

eigenvalues appeared in both MTM and MMT , U is the left-singular vector of M

(eigenvectors of MMT ), and V is the right-singular vector of M (eigenvectors of

MTM).

For linear system Mx = b, the condition number measures the maximum

increase in the error of x with error in b. If m < n and let s1, s2, ..., sm be the

non-zero diagonal elements of Σ, then condition number of M is defined as:

cond(M) =
max(si)

min(si)
≥ 1 (4.2)

For multilift system, the input force and moment on the CG of the payload is

define by Eq. (2.15), and Fcable is equal to the sum of FLN
cable and Fnull

cable. However,

GFnull
cable = 0 so: [

Fcable,CG

Mcable,CG

]
= GFLN

cable (4.3)

Therefore any error in least-norm part of the cable forces will have effect on

the net force and moment. Using least-norm equation to revert Eq. (4.3) into:

GT
[
GGT

]−1 [ Fcable,CG

Mcable,CG

]
= FLN

cable (4.4)

The condition number of GT
[
GGT

]−1
shows how much the error in the cable

force will affects the net force and net moment. The goal here is to place the

attachment points at the location such that the condition number is close to 1.

By varying gx, gy, and gz of attachment point and assuming that the attachment

points are symmetric (for a case of four helicopters), condition number with respect

to different gx, gy, and gz is obtained. Figure 4.1 shows the minimum condition

number for each gz value over gx and gy values. It shows that the condition number

is smaller when gz is closer to the payload CG. Therefore, for a 6.1 meters standard

shipping container that has height of about 2.6 meters, the desired z-component
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Figure 4.1. Minimum condition number over gx and gy vs. gz.

of attachment location is about 1.3 meters above the CG of the payload (assuming

CG is at center of the container), which is the on the upper surface of the container.

Figure 4.2 is a pseudocolor plot of the condition number for gz = −1.3m with

different gx and gy value. The black dot on the plot shows where the minimum

condition number occurred. The condition number is relatively smaller when gx is

equal to gy, and this is where the attachment points will be placed.
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Figure 4.2. Condition number over gx and gy for gz = -1.3 meters.

4.2 Cable Force Constraint

The change in the effect of sudden constant wind on the payload with respect

to different helicopter separation constraint (presented in previous work [21]) is

actually related to the constraint of the cable force or the null space part of the

cable force. To determine how the null space of the cable force affects the stability

and controllability of the payload, two analysis were performed. First analysis

investigated the effect due to tension error, and second analysis investigated the

effect due to cable direction error. Separating the analysis into two parts simplifies

the analysis process and reveals more insight of the effect. The analysis presented

in this section is for a case of four-helicopters carry a single payload, but the

methodology is application to a N-helicopter scenario.
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To look at the effect of error in tension, cable force is rewritten into:

Fcable =


û1 0 0 0

0 û2 0 0

0 0 û3 0

0 0 0 û4



T1

T2

T3

T4

 = ÛT (4.5)

Where û1, û2, û3, and û4 are 3 × 1 unit vectors define the direction of cable

forces, 0 is 3×1 zeros vector, and T1, T2, T3, and T4 are tension of the cable forces.

By definition, ûi = [ux,i uy,i uz,i]
T and Ti = [Fx,i Fy,i Fz,i]

T .

Linearized the equation of motion about hovering state X0 and hovering input

T0:

∆Ẋ = A∆X + BGÛ∆T (4.6)

Attachment points location and cable force direction vector are defined as:

gi =
[
gi,x gi,y gi,z

]T
(4.7)

=
[
−gi sinαg,i cos βg,i −gi sinαg,i sin βg,i −gi cosαg,i

]T
ûi =

[
ûi,x ûi,y ûi,z

]T
(4.8)

=
[
− sinαi cos βi − sinαi sin βi − cosαi

]T
Where gi is the magnitude of gi; αg,i is the angle between -z axis of payload-

body frame and gi; βg,i is the angle between gi,xy and x axis of payload-body

frame; αi is the angle between ith cable force and -z axis of payload-body frame; βi

is angle between ith Fcable,xy and x axis of payload-body frame. These definitions

are illustrated in Figure 4.3
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Figure 4.3. Definition of cable force angles and attachment vector angles

For diagonal inertia matrix and linearized equation of motion about hovering

or cruising state (φ = θ = ψ = 0, p = q = r = 0), B becomes:

B =


03×3 03×3

03×3 03×3
1
m

I3×3 03×3

03×3 J−1

 (4.9)

and BGÛ is equal to:

BGÛ =



06×4
1
m

û1
1
m

û2
1
m

û3
1
m

û4

1
Jx
v1,zy

1
Jx
v2,yz

1
Jx
v3,yz

1
Jx
v4,zy

1
Jy
v1,xz

1
Jy
v2,xz

1
Jy
v3,zx

1
Jy
v4,zx

1
Jz
v1,xy

1
Jz
v2,yx

1
Jz
v3,xy

1
Jz
v4,yx


(4.10)

Where

vi,xy = (gi,xûi,y − gi,yûi,x) vi,yx = (gi,yûi,x − gi,xûi,y)
vi,xz = (gi,xûi,z − gi,zûi,x) vi,zx = (gi,zûi,x − gi,xûi,z)
vi,yz = (gi,yûi,z − gi,zûi,y) vi,zy = (gi,zûi,y − gi,yûi,z)

(4.11)

are scalar elements.
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Equation 4.10 shows that any change in cable tension will have no effect on

angular acceleration of the payload during hovering and cruising when ûi =
gi

gi
.

In this situation, state vector in Equation 3.14 becomes

xk = [nk ek dk φk θk ψk vn,k ve,k vd,k 0 0 0]T .

Note that the attachment position gi and cable force direction ûi is arbitrary.

Therefore any error in tension will not affect the attitude dynamic of the payload

during hovering or cruising when cable force is in the same direction as the vector

from payload CG to cable’s corresponding attachment point.

Since there are four input variables, so a maximum of four degrees of freedom

are controllable. Figure 4.4 shows the determinant of the outer product of con-

trollability matrix for the controllable part of the system. Note that the cable

forces are assumed to be symmetric for the result presented here. The position of

attachment points used for this analysis are presented in Table 4.1. The values

of the determinants have been normalized with payload mass as mass normalizer

and payload length as length normalizer. Therefore the determinant presented in

Figure 4.4 is unitless.

Table 4.1. Attachment position for cable force constraint analysis.

Attachment 1 g1,x = −1.5 m g1,y = −1 m g1,z = −1.3 m

Attachment 2 g2,x = −1.5 m g2,y = 1 m g2,z = −1.3 m

Attachment 3 g3,x = 1.5 m g3,y = 1 m g3,z = −1.3 m

Attachment 4 g4,x = 1.5 m g4,y = −1 m g4,z = −1.3 m
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Figure 4.4. Determinant of outer product of controllability matrix for tension input.

From Figure 4.4, it is very clear that the determinant of the controllability

matrix decreases as the cable force direction move closer to the direction of at-

tachment point position (black dot), where any error in cable tension will have no

effect on the attitude of the payload.

The second part is to investigate how the direction of cable force affects the

controllability of the payload.

The cable force can be represented as:

Fcable,i =
[
Ti sinαi cos βi Ti sinαi cos βi Ti cosαi

]T
(4.12)

Assuming constant tension for hovering and cruising, the input variable is de-

fined as:

Θ =
[
α1 β1 α2 β2 α3 β3 α4 β4

]T
(4.13)

Again, the angle αi and βi is defined in Figure 4.3.
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Linearizing the equation of motion about hovering state X0 and reference input

Θ0 = [α1,0, β1,0, ...α4,0, β4,0] with constant Ti, the system equation becomes:

∆Ẋ = Ā∆X + B̄∆Θ (4.14)

Same attachment point position presented in Table 4.1 is used for this analysis.

Figure 4.5 shows the log scale of determinant of the outer product of controllability

matrix.

Figure 4.5. log scale of determinant of the outer product of controllability matrix for

direction input.

From Figure 4.5, the payload become more controllable as the cable force

spreading outward. This result matches the intuition. However the cost for a more

stable payload is higher cable tension, which will result in higher fuel consumption

for the helicopter. Therefore, helicopter payload capacity and fuel consumption

will have to be considered when constraining the cable force vector.



Chapter 5
Modeling and Simulation

This chapter describes the multilift simulation modeling and presents simulation

results to show the utility of proposed approach.

5.1 Multilift Simulation Modeling

While the control methodology described in Chapter 3 is scalable to (in principle)

any size of flock, here a group of four helicopters cooperatively transporting a

payload is discussed as the motivating example (Section 5.2.4 describes a case of

six-helicopter payload transport.).

Figure 5.1 shows a block diagram of the simulation. Each helicopter is con-

nected to the payload by a cable (modeled as a damped spring).

5.1.1 Helicopter Simulation Model

The focus of this thesis is on payload control, thus a point mass model of the aircraft

translational kinematics is coupled with a linear representation of the attitude and

thrust dynamics. It is assumed that a dynamic inversion control law regulates the

attitude and thrust dynamics to follow a linear command filter. An outer loop

dynamic inversion control law was designed to track the desired position, velocity,

and acceleration commands of each helicopter. Figure 5.2 shows the free body

diagram of the helicopter. Where Fc is the cable force; FT is the thrust; mh is the

mass of the helicopter.
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Figure 5.1. Multilift simulation overview.

Figure 5.2. Free body diagram for helicopter.



32

Helicopter dynamics are second order in the closed loop:
n̈i

ëi

d̈i

 =
1

m

f(φc, θc, ψc, Tc)−
1

2
ρfeva


ṅi

ėi

ḋi

− Fcable

 (5.1)

Inputs are Euler angles and total thrust, with Euler angles are filtered through

a second order command filter and thrust filtered through a first order command

filter.

φ̈c + 2ζφωφφ̇c + ω2
φ(φc − φcmd) = 0 (5.2)

θ̈c + 2ζθωθθ̇c + ω2
θ(θc − θcmd) = 0 (5.3)

ψ̈c + 2ζψωψψ̇c + ω2
ψ(ψc − ψcmd) = 0 (5.4)

τT Ṫc + (Tc − Tcmd) = 0 (5.5)

Filter parameters are dependent on the inner loop control law bandwidth, which

in turn is limited by the dynamics of the specific vehicle. In the following sim-

ulations, bandwidth values were selected to match typical values for full scale

rotorcraft (here Kaman K-MAX is used).

φcmd, θcmd, and Tcmd are computed from desired position, velocity, and acceler-

ation using an outer loop inversion controller.
φcmd

θcmd

Tcmd

 = L−1C(s) +


φc

θc

0

 (5.6)

Where

L =
−Tc(−SφcSθcCψc + CφcSψc) −TcCφcCθcCψc −CφcSθcCψc − SφcSψc
−Tc(−SφcSθcSψc − CθcCψc −TcCφcCθcSψc −CφcSθcSψc + SφcCψc

TcSφcCθc TcCφcSθc −CφcCθc


(5.7)
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Sφc = sinφc Sθc = sin θc Sψc = sinψc

Cφc = cosφc Cθc = cos θc Cψc = cosψc

C(s) =


KP,xėx +KI,xex +KD,xëx

KP,yėy +KI,yey +KD,yëy

KP,z ėz +KI,zez +KD,z ëz

 (5.8)

ë = acmd − a

ė = vcmd − v

e = pcmd − p

ψcmd, is computed from payload desired yaw angle and velocity direction.

ψcmd = ψdes,load + tan−1
(
vdes,load
udes,load

)
(5.9)

5.1.2 Cable Simulation Model

The cable is modeled as spring damper system in the multilift simulation. However,

unlike a spring damper system, the cable is modeled such that it has no resistance

to compression. Note that there may be damping due to energy dissipation when

the cable is retracting while still in tension, which adds more damping to the

system. This additional damping is neglected in this model for a more conservative

assumption. The magnitude of the cable force is

Fcable = Fspring + Fdamp (5.10)

where

Fspring =

Kc∆l, if ∆l > 0

0, if ∆l ≤ 0
; Fdamp =

Ccl̇, if l̇ > 0

0, if l̇ ≤ 0 or ∆l ≤ 0
(5.11)

The direction of the cable force is computed from the position of the helicopter
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relative to the cable attachment point on the payload.

5.1.3 Payload Simulation Model

A CONEX container is used as the payload for the simulation. The dynamics of

payload is modeled as a rigid body with six degree of freedom using flat Earth

assumption. The model uses the non-linear equations of motion that presented in

Equation 2.1 to Equation 2.12, and these equations can be represented in com-

pactly as:

ẋ = f(x,Fnet,CG,Mnet,CG) (5.12)

where

Fnet,CG = Fcable,CG + Faero,CG + Fgravity,CG (5.13)

Mnet,CG = Mcable,CG + Maero,CG (5.14)

are net force and moment on the payload CG. Fcable,CG represents the resultant

cable force; Faero,CG is the aerodynamics force on the payload as it is transporting

though air; Fgravity,CG represents force due to gravity; Mcable,CG is the resultant

moment due to cable forces; Maero,CG is the aerodynamics moment about the CG

of payload.

The aerodynamics characteristics of a CONEX container with main dimension

of 2.57m x 1.88m x 1.88m were studied in wind tunnel tests. Experimental data

of the force and moment coefficients with respect to side slipping angle and angle

of attach were presented in the paper [25]. This high fidelity aerodynamics model

is used in the multilift simulation to obtain realistic behavior of the payload.

5.1.4 Dryden Wind Turbulence Model [1]

A simplified Dryden Wind Turbulence Model that uses Military Specification MIL-

F-8785C is used to model the turbulence wind on the payload. The simplified

model only simulates the velocity of the turbulent wind at altitude below 305

meters (angular velocity is not considered here). This model generates turbulence

signal by passing band-limited white noise through forming filters. The transfer
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function of the forming filters are presented in following

Hu(s) = αu

√
2Lu
πV

1

1 + Lu

V
s

(5.15)

Hv(s) = αv

√
Lv
πV

1 +
√
3Lv

V
s

(1 + Lv

V
s)2

(5.16)

Hw(s) = αw

√
Lw
πV

1 +
√
3Lw

V
s

(1 + Lw

V
s)2

(5.17)

Where V is air speed of the payload (in unit of ft/s); L(·) and α(·) are turbulence

scale length and turbulence intensities respectively, which are altitude dependence.

For altitude below 305 meters (1000ft), they are defined as:

Lu = Lv =
h

(0.177 + 0.000823h)1.2
(5.18)

Lw = h (5.19)

αw = 0.1W20 (5.20)

αu = αv =
1

(0.177 + 0.000823h)0.4
(5.21)

Where h is payload altitude (in unit of ft), and W20 is wind speed at altitude

of 6 meters (in unit of ft/s). Typically for light turbulence, W20 = 7.72m/s; for

moderate turbulence, W20 = 15.4m/s; for strong turbulence, W20 = 23.15m/s.

Figure 5.3 is an example of turbulence on the payload generated by the Dryden

wind model with V = 20m/s, h = 20m, and W20 = 15m/s.
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Figure 5.3. Wind turbulence generated by Dryden Wind Turbulence Model.

5.1.5 Constraints

The cost function for cable force computation, defined in Equation 5.22, will try

to minimize the total cable force, which will minimize fuel consumption for the

helicopter.

C(FLN
cable, f) =

√
F 2
cable,1 + F 2

cable,2 + F 2
cable,3 + F 2

cable,4 (5.22)

where Fcable,i is defined by Equation 3.21.

Helicopter minimum separation constraint (26 meters) is applied to ensure each

helicopter is in a safe distance with respect to each other, and maximum cable

force constraint is applied to ensure the cable tension for each attachment point is

smaller than helicopter’s external load capacity.

Cable force angle constraint is also applied to maintain a desired angle between

the cable force vector and -z axis of payload-body frame. This constraint is used

to improve payload stability, and it is defined in Equation 5.23.
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(−ẑ) · Fcable,i

Fcable,i
= cosαi (5.23)

Where −ẑ is the unit vector of -z axis of the payload-body frame; Fcable,i is the

ith cable force vector represented in payload-body frame; Fcable,i is the tension of

ith cable force; αi is the constraint angle.

5.2 Simulation Results

Result of four simulations are presented in this section to demonstrate the utility of

the proposed method. In all simulations, the Kaman K-MAX helicopter is used as

a representative autonomous helicopter, and some of its parameters are presented

in Table A.1. Attachment position for all four-helicopter simulation is shown in

Table A.2, and attachment location for six-helicopter simulation is presented in

Table A.6. Other simulation parameters are also presented in Appendix A

Note that “stability” defined in Section 5.2.1 and Section 5.2.2 refers to a

somewhat stricter definition of loss of cable tension: if tension in one of the cables

drops to zero (or below), loss of stability is assumed to occur. Note that in a

physical implementation this is not necessarily true: the team of rotorcraft may be

able to compensate for a loss of tension in one cable if the remaining helicopters

are able to maintain controlled flight with the additional load that would result

from one (or more) of the team failing to maintain tension. However, the stricter

definition of “stability=positive definite cable tension” is conservative and easy to

quantify.

5.2.1 Monte Carlo Simulation: Cable Angle

Result of the first Monte Carlo simulation for a four-helicopter system is presented

in this section. This simulation investigated the effect of turbulence wind distur-

bance on the payload with respect to different cable force constraint angles. A

simplified Dryden wind turbulence model defined in Section 5.1.4 is used to sim-

ulate the turbulence disturbance on the payload. The payload is commanded to

hold its position at [0, 0,−10m] while a constant wind is applied on the payload

to simulate air speed (V ) of the payload (which generates turbulence). In this
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simulation, the cable angle is ranged from 33 degrees to 39 degrees; wind speed

(result in payload air speed, V ) is ranged from 2m/s to 20m/s; Other parameters

are presented in Table A.3. Samples are taken from 20 runs each with different

turbulence noise seed. Payload stability result is presented in Figure 5.4.

33 34 35 36 37 38 39
Mean 1 0 0 0 0 0 0
Std 0 0 0 0 0 0 0
Mean 1 0 0 0 0 0 0
Std 0 0 0 0 0 0 0
Mean 1 0 0 0 0 0 0
Std 0 0 0 0 0 0 0
Mean 1 0.05 0 0 0 0 0
Std 0 0.1539 0 0 0 0 0
Mean 1 0.45 0 0 0 0 0
Std 0 0.394 0 0 0 0 0
Mean 1 0.775 0 0.05 0 0.025 0
Std 0 0.3024 0 0.2236 0 0.1118 0
Mean 1 0.925 0.35 0.175 0.25 0.25 0.325
Std 0 0.1832 0.3663 0.2936 0.3804 0.4136 0.4375
Mean 1 1 0.8 0.375 0.375 0.325 0.45
Std 0 0 0.2991 0.4253 0.4552 0.4667 0.484
Mean 1 1 0.975 0.925 0.875 0.825 0.9
Std 0 0 0.1118 0.1832 0.3193 0.3726 0.3078
Mean 1 1 0.975 1 1 1 1
Std 0 0 0.1118 0 0 0 0

Payload'Stability

12

14

16

18

Cable'Angle'(degree)

2

4

6

8

10

V'(m/s)

20

≥40.0

>40.025

>40.1

>40.3

>40.5

Figure 5.4. Stability of the payload for cable angle Monte Carlo.

In Figure 5.4, value ‘0’ indicates the payload is stable throughout the simula-

tion; value ‘0.5’ indicates cable lost occurred but payload remained stable before

simulation ended (could be unstable for longer simulation); value ‘1’ indicates

payload became unstable before simulation ended.

Results for average position and attitude errors are presented in Figure 5.5 and

Figure 5.6; value of ‘1000’ is assigned to average error when payload is unstable.

Also, αg,i is equal to 35 degrees in this simulation.



39

33 34 35 36 37 38 39
Mean 1000 0.4185 0.2308 0.2115 0.2028 0.2046 0.2019
Std 0 0.1078 0.0594 0.0429 0.0341 0.0306 0.0306
Mean 1000 0.7345 0.377 0.3247 0.2981 0.2931 0.2849
Std 0 0.2849 0.1442 0.1199 0.1057 0.1002 0.0951
Mean 1000 0.7884 0.437 0.3667 0.3323 0.3249 0.3148
Std 0 0.1858 0.1044 0.0815 0.0684 0.0616 0.0577
Mean 1000 1.1784 0.5982 0.4769 0.4244 0.4023 0.3763
Std 0 0.4381 0.2094 0.1301 0.111 0.0956 0.086
Mean 1000 251.23 0.8597 0.6509 0.5683 0.5269 0.5056
Std 0 443.53 0.2914 0.1533 0.1261 0.1145 0.1213
Mean 1000 600.84 1.1346 50.7648 0.6855 0.6486 0.6039
Std 0 501.57 0.2252 223.3298 0.1001 0.1045 0.1165
Mean 1000 850.3 151.2601 51.1785 151.0223 200.83 250.8538
Std 0 365.61 365.8047 223.3298 365.9071 409.966 443.756
Mean 1000 1000 650.6653 251.2144 301.0512 300.85 400.8715
Std 0 0 488.4304 443.5426 469.4566 469.59 501.8949
Mean 1000 1000 950.1003 850.3699 850.2419 800.348 900.1592
Std 0 0 223.1584 365.4442 365.7568 409.678 307.3036
Mean 1000 1000 950.1334 1000 1000 1000 1000
Std 0 0 223.0102 0 0 0 0

18
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Figure 5.5. Average position error of the payload for cable angle Monte Carlo.

33 34 35 36 37 38 39
Mean 1000 0.4057 0.3125 0.2778 0.2579 0.2539 0.2448
Std 0 0.2228 0.1867 0.1688 0.1571 0.1564 0.1501
Mean 1000 0.764 0.6126 0.5485 0.5092 0.5007 0.48
Std 0 0.4792 0.3927 0.3481 0.3185 0.3137 0.297
Mean 1000 0.8298 0.6748 0.6122 0.5735 0.5659 0.5457
Std 0 0.2821 0.245 0.2253 0.2125 0.2133 0.2055
Mean 1000 1.1524 0.9497 0.887 0.8461 0.8462 0.8214
Std 0 0.4225 0.3606 0.3438 0.3284 0.3301 0.3188
Mean 1000 251.37 1.4178 1.3395 1.2818 1.2876 1.2476
Std 0 443.45 0.4567 0.4436 0.4266 0.4279 0.4142
Mean 1000 600.93 1.6536 51.4823 1.5091 1.5216 1.488
Std 0 501.47 0.3682 223.2582 0.3423 0.348 0.3416
Mean 1000 850.36 152.009 53.2404 151.9119 201.798 251.803
Std 0 365.48 365.4821 222.8918 365.5239 409.4694 443.1949
Mean 1000 1000 651.1189 252.4463 301.874 301.8422 401.566
Std 0 0 487.797 442.816 468.9038 468.9252 501.313
Mean 1000 1000 950.1707 850.5633 301.874 800.5564 900.2671
Std 0 0 222.8435 364.9718 365.3019 409.2496 306.9713
Mean 1000 1000 950.1334 1000 1000 1000 1000
Std 0 0 223.0102 0 0 0 0

18
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Figure 5.6. Average attitude error of the payload for cable angle Monte Carlo.
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In Figure 5.4 to Figure 5.6, payload is more stable and error is smaller when

angle of cable force (αi) is greater than or equal to the angle of attachment point

(αg,i), which is equal to 35 degrees in this case. Figure 5.7 illustrates the situations

when αi < αg,i, αi = αg,i, and αi > αg,i.

Fcable Fcable 

g 
CG 

(a) αi < αg,i

Fcable Fcable 

g 
CG 

(b) αi = αg,i

Fcable Fcable 

g 

CG 

(c) αi > αg,i

Figure 5.7. Different cable angle constraints.

In Figure 5.7, payload CG is above the vertex point formed by the cable force

vectors when αi < αg,i. This is similar to an inverted pendulum system, which

is unstable under disturbance. Therefore, the payload is less stable and error is

larger in this situation. When αi = αg,i (Column with red border in Figure 5.4 to

Figure 5.6), cable forces do not have control on pitch and roll of the payload so

any error in cable tension will not affect pitch and roll dynamics of the payload.

Therefore, the payload is much more stable and error is smaller in this situation.

However, when payload is under disturbance, cable forces will be off the constraint

to control the payload, which will eventually affect the attitude of the payload.

In the case of αi > αg,i, the payload CG is below the vertex point formed by

cable force vectors, which is similar to a normal pendulum system. Therefore the



41

payload is more stable. These results match the analysis results in Chapter 4.

5.2.2 Monte Carlo Simulation: Cable Stiffness

Result of the second Monte Carlo simulation for a four-helicopter system is pre-

sented in this section. This simulation investigated the effect of turbulence wind

disturbance on the payload with respect to different cable stiffness. The Young’s

modulus of the cable is ranged from 1000 to 60000 MPa while cable force angle

(αi) is constrained at 37 degrees. The payload is also commanded to hold its posi-

tion at [0, 0,−10m] while a constant wind is applied on the payload to simulate air

speed, V. Other parameters for this simulation are presented in Table A.4. Again,

samples are taken from 20 runs each with different turbulence noise seed. Payload

stability result is presented in Figure 5.8.

1000 2000 5000 2000 15000 30000 60000
Mean 0 0 0 0 0 0 1
Std 0 0 0 0 0 0 0
Mean 0 0 0 0 0 0 1
Std 0 0 0 0 0 0 0
Mean 0 0 0 0 0 0 1
Std 0 0 0 0 0 0 0
Mean 0 0 0 0 0 0 1
Std 0 0 0 0 0 0 0
Mean 0 0 0 0 0 0.05 1
Std 0 0 0 0 0 0.2236 0
Mean 0 0 0 0 0 0.2 1
Std 0 0 0 0 0 0.4104 0
Mean 0.05 0 0 0.075 0.25 0.75 1
Std 0.1539 0 0 0.2447 0.3804 0.3804 0
Mean 0.15 0.05 0.025 0.075 0.375 0.95 1
Std 0.3285 0.2236 0.1118 0.2447 0.4552 0.1539 0
Mean 0.525 0.475 0.45 0.55 0.875 1 1
Std 0.4993 0.4723 0.484 0.484 0.3193 0 0
Mean 0.725 0.675 0.75 0.85 1 1 1
Std 0.4435 0.4667 0.4136 0.2856 0 0 0

18

20

12
>40.3

14

16 >40.5

≥40.0

6
>40.03

8

10 >40.1

Payload'Stability

V'(m/s)
Cable'Young's'Modulus'(MPa)

2

4

Figure 5.8. Stability of the payload for cable stiffness Monte Carlo.

Again, value “0” indicates the payload is stable; value “0.5” indicates cable

tension lose occurred, but payload did not became unstable; value “1” indicates the

payload became unstable before the simulation ended. Figure 5.9 and Figure 5.10

shows the average error of the payload position and attitude respectively.
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1000 2000 5000 2000 15000 30000 60000
Mean 0.0861 0.0938 0.118 0.1622 0.2028 0.3426 1000
Std 0.0306 0.0319 0.0343 0.0365 0.0341 0.0318 0
Mean 0.1621 0.1736 0.2076 0.2605 0.2981 0.4443 1000
Std 0.0726 0.0773 0.0896 0.1035 0.1057 0.1163 0
Mean 0.1854 0.1982 0.2356 0.2925 0.3323 0.4915 1000
Std 0.0464 0.0498 0.058 0.0664 0.0684 0.0786 0
Mean 0.2641 0.2792 0.3197 0.382 0.4244 0.5762 1000
Std 0.0773 0.0801 0.0873 0.1004 0.111 0.1199 0
Mean 0.3402 0.3614 0.4191 0.509 0.5683 50.736 1000
Std 0.0693 0.0686 0.082 0.1118 0.1261 223.4337 0
Mean 0.4184 0.4482 0.5241 0.6302 0.6855 200.7698 1000
Std 0.063 0.0669 0.075 0.0903 0.1001 409.9965 0
Mean 0.5438 0.5675 0.678 50.8039 151.0223 650.4479 1000
Std 0.1347 0.1234 0.1351 223.4176 365.9071 488.7342 0
Mean 100.6073 50.6879 0.8594 51.0615 301.0512 900.1929 1000
Std 307.5858 223.4449 0.1691 223.3572 469.4566 307.1997 0
Mean 500.3769 400.5215 400.6789 500.6921 850.2419 1000 1000
Std 512.6025 502.1879 502.056 512.2791 365.7568 0 0
Mean 700.303 650.3418 700.3103 750.4119 1000 1000 1000
Std 469.6874 488.8825 469.6761 443.5297 0 0 0
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Figure 5.9. Average position error of the payload for cable stiffness Monte Carlo.

1000 2000 5000 2000 15000 30000 60000
Mean 0.2601 0.2626 0.2651 0.267 0.2579 0.2702 1000
Std 0.1642 0.164 0.1643 0.1646 0.1571 0.1655 0
Mean 0.5196 0.5229 0.526 0.5283 0.5092 0.5313 1000
Std 0.3322 0.334 0.3354 0.3357 0.3185 0.3342 0
Mean 0.5843 0.587 0.5903 0.5931 0.5735 0.5975 1000
Std 0.2236 0.2235 0.2234 0.2232 0.2125 0.2238 0
Mean 0.8749 0.8754 0.8769 0.8791 0.8461 0.8821 1000
Std 0.3409 0.341 0.3425 0.3441 0.3284 0.3441 0
Mean 1.3288 1.3299 1.3318 1.3349 1.2818 51.2274 1000
Std 0.4391 0.4398 0.441 0.443 0.4266 223.3182 0
Mean 1.5689 1.566 1.5646 1.5651 1.5091 201.1995 1000
Std 0.3588 0.3591 0.3577 0.3558 0.3423 409.7761 0
Mean 2.5554 2.3567 2.3097 52.1599 151.9119 650.6005 1000
Std 1.0636 0.6334 0.5981 223.0991 365.5239 488.5209 0
Mean 102.6652 52.5775 2.713 52.5578 301.874 900.383 1000
Std 306.8828 223.0005 0.4782 223.0051 468.9038 306.6156 0
Mean 501.6855 401.9782 402.7256 501.4413 301.874 1000 1000
Std 511.2601 500.9679 500.3517 511.5106 365.3019 0 0
Mean 701.1332 651.065 700.8497 750.8782 1000 1000 1000
Std 468.3873 487.8715 468.8308 442.7013 0 0 0
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Figure 5.10. Average attitude error of the payload for cable stiffness Monte Carlo.
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In Figure 5.8 to Figure 5.10, payload is more stable and error is smaller when

cable is less stiff (smaller Young’s Modulus). This result matches the intuition

discussed in Chapter 3, Section 3.3. For the same magnitude of error in helicopter

states, a “soft” cable will result in less cable force error on the payload while

a “stiff” cable will cause larger acceleration error on the payload that is more

likely to cause cable tension lost as the payload accelerated “too fast” toward the

helicopters.

5.2.3 Transportation: Four-Helicopter

Results for a four-helicopter system transportation are presented here to demon-

strate the utility of proposed method in this thesis. Parameters used in this sim-

ulation are presented in Table A.5. Figure 5.11 shows the desired state of the

payload for this simulation, and Figure 5.12 to Figure 5.14 show the results of this

simulation.
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Figure 5.11. Desired payload state for four-helicopter transport.
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Figure 5.12. Payload state errors for four-helicopter transport.
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Figure 5.13. Cable tension for four-helicopter transport.
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Figure 5.14. Helicopter relative distance for four-helicopter transport.

As shown in Figure 5.11, the payload is first been lifted up to a height of

250 meters and then transported to a distance of 3225 meters toward the north.

When the payload arrived at its destination, it holds its position while changing

its yaw angle from 0 degrees to 45 degrees. After the yaw rotation is completed,

the payload holds its final state for 60 seconds.

Figure 5.12 shows the payload state error. The error plot is noisy due the the

noisy input of the helicopter and turbulence disturbance. However, the payload

state error is bounded with maximum translational error less than two meters

and maximum rotational error less than two degrees. Figure 5.13 shows the cable
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tension on each helicopter. The maximum cable tension is about 23500 N on

helicopter 4, which is smaller than the load capacity of the K-MAX, 26703N (green

line in the plot). Figure 5.14 shows the relative distance between each helicopter.

The smallest separation distance between two helicopter is about 43.5 meters,

which is much larger than the minimum required separation distance (26 meters).

This result shows that proposed approach have done a very good job controlling the

payload to follow its desired trajectory while satisfying the helicopter separation

constraint and maximum tension constraint for safety operation. Other results for

this simulation are shown in Appendix B

5.2.4 Transportation: Six-helicopter

The proposed method can easily be expanded to a case of six helicopters, where

two cables and two helicopters are added to the system. Table A.6 shows the

position of attachment points in payload-body frame, and Table A.7 shows the

simulation parameters for this case. Figure 5.15 to Figure 5.17 show the results

of this simulation, and the desired trajectory of the payload is the same as the

four-helicopter transportation case.

Figure 5.15 shows the payload state error. The error plot is also noisy due

to the noisy helicopter input and turbulence. The payload state error is bounded

with maximum translational error less than 1.5 meters and maximum rotational

error less than two degrees.
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Figure 5.15. Payload state errors for six-helicopter transport.
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Figure 5.16. Cable tension for six-helicopter transport.
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Figure 5.17. Helicopter relative distance for six-helicopter transport.

Figure 5.16 shows the cable tension on each helicopter. The maximum cable

tension is about 24000 N on helicopter 4. In Figure 5.17, the smallest separa-

tion distance between two helicopters is about 31 meters, which is larger than
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the minimum required separation distance. This result shows that the proposed

approach is scalable to allow the team of helicopter to grow for heavier payload

while maintaining its performance. Other results for this simulation are shown in

Appendix B



Chapter 6
Conclusion

This thesis is motivated by the economical efficiency of using multilift to transport

a single heavy payload. Twin-lift system has been investigated in many research

over past few decades. The utility of multilift concept can be fully augment with

a more general solution that is scalable beyond two helicopters. This thesis uses

OBTLC to develop a general solution for multilift focusing on the payload control

layer that computes the cable force to control the payload to follow its desired

trajectory while satisfying other constraints for operational safety and mission

requirements.

OBTLC was developed for robot manipulator system, and has been used exten-

sively in this field. The framework divides a complex control into multiple layers

of control that are theoretically independent from each other. In the application

of multilift presented in this thesis, the top-level control is a trajectory following

controller (PID), the mid-level is payload control that computes cable force to sat-

isfy desired acceleration and constraints, and the low-level control is controller on

board each helicopter that ensures the required cable tension and direction is sat-

isfied. Within the OBTLC, this thesis focused on the mid-level control that uses

a two steps approach to compute the cable force: first, the least norm solution

ensures that the desired net force and moment are satisfied; second, null space

cable force are computed so that constraints (here, vehicle separation and cable

force angle constraint) are satisfied. This approach requires three or more cable

attachment points on the payload to fully control the six dynamical degrees of the

payload.
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Attachment location analysis reveals that the condition number is smaller when

z-component is closer to payload CG and x-component is close to y-component.

Moreover, cable force constraint analysis shows that error in cable tension will

have no effect on payload’s attitude dynamics when all the cable force vectors are

in the same direction with their corresponding attachment point position vector.

The analysis also shows that payload is more controllable when cable force vectors

are more spread out.

Simulation results of payload transport using four helicopters shows the utility

of the approach. payload state error remains small and disturbance rejection (re-

sponse to a step gust and turbulence) is good. The six-helicopter simulation result

shows that the proposed solution not only able to control the system for stable and

safe operation, but also allow the number of helicopter to increase as the payload

mass increases. The cable stiffness Monte Carlo simulation result matched the in-

tuition, and cable angle Monte Carlo simulation results verified the result in cable

force constraint analysis.

6.1 Summary of Contributions

6.1.1 OBTLC Design for Multilift System

An control approach using OBTLC was developed for a general multilift system

with payload trajectory following controller at top-level, cable force computation at

mid-level, and rotorcraft control at low-level. These layers of control work together

to ensure the payload follow its desired trajectory while satisfy other constraints.

A big advantage of this approach is that the number of rotorcraft is expandable

for heavier payload.

6.1.2 Attachment Point Geometry and Cable Force Con-

straint

The method used for the cable attachment geometry and cable force constraint

analysis can also apply to other rectangular payload to determine the optimal

attachment point location for that payload and desire cable force angle constraint
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for the cable.

6.1.3 Cable Force Computation

A two-step cable force computation method was developed that first computes the

least-norm solution to satisfy the net force and moment from the trajectory follow-

ing controller and then uses null space of cable force to satisfy other constraints

on the system.

6.2 Recommendations for Future Work

6.2.1 Helicopter Controller

More research can be done to optimize the helicopter controller so that the desired

cable force can be more accurately followed. This will provide a better control on

the payload and further prevent cable tension lost.

6.2.2 Hardware Implementation

Even though the approach proposed in this thesis was validated in the simulation,

actual hardware test will provide more insight into their validity. Hardware test

will expose the control to actual multilift system and define its true performance.

A small scale test can be perform indoor using small helicopter. Motion capture

technology can be use for position and attitude determination; IMU can be use

to determine acceleration of the payload; flex sensor can be use to determine the

cable tension on each attachment point; relative position between helicopters and

the payload can be use to determine the cable direction.



Appendix A
Simulation Parameter

Table A.1. K-MAX helicopter parameters used in all simulations [4].

K-MAX

Helicopter Mass (kg) 2720.6

Payload capacity (kg) 2722 Rotor diameter (m) 8.4

Length (m) 15.8 Height (m) 4.14

ωφ, ωθ 4 rad/s ωψ 1 rad/s

ζφ, ζθ, ζψ 0.9 τT 0.25

angular noise variance (deg2) 52 angular noise mean (deg) 0

thrust noise variance (N2) 2668.92 thrust noise mean (N) 0

Table A.2. Attachment position for four-helicopter simulations.
Attachment 1 g1,x = −0.4654 m g1,y = −0.4654 m g1,z = −0.94 m
Attachment 2 g2,x = −0.4654 m g2,y = 0.4654 m g2,z = −0.94 m
Attachment 3 g3,x = 0.4654 m g3,y = 0.4654 m g3,z = −0.94 m
Attachment 4 g4,x = 0.4654 m g4,y = −0.4654 m g4,z = −0.94 m
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Table A.3. Parameters for Monte Carlo: cable angle.

Payload Parameter

Payload Mass (kg) 2000 Width (m) 1.88

Length (m) 2.57 Height (m) 1.88

Reference Area (m2) 3.5344 Reference Length 1.88

Iload(kg ∗m2) 1178.1 1689.9 1689.9

Cable Parameter

Neutral Length (m) 50 Young’s Modulus (MPa) 15000

Cable diameter (mm) 6.4 Damping Constant (N-s/m) 5272.1

Cable Angle, αg,i (deg) 33 to 39

Environment Parameter

Air density (kg/m3) 1.225 Gravity (m/s2) 9.81

W20 (m/s) 15

ConstantWind (m/s) [(-2 to -20), 0, 0]

Table A.4. Parameters for Monte Carlo: cable stiffness.

Payload Parameter

Payload Mass (kg) 2000 Width (m) 1.88

Length (m) 2.57 Height (m) 1.88

Reference Area (m2) 3.5344 Reference Length 1.88

Iload(kg ∗m2) 1178.1 1689.9 1689.9

Cable Parameter

Neutral Length (m) 50 Cable diameter (mm) 6.4

Young’s Modulus (MPa) 1e3 to 6e4

Cable Angle, αg,i (deg) 37 Damping Constant (N-s/m) vary

Environment Parameter

Air density (kg/m3) 1.225 Gravity (m/s2) 9.81

W20 (m/s) 15

ConstantWind (m/s) [(-2 to -20), 0, 0]
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Table A.5. Parameters for transportation: four-helicopter.

Payload Parameter

Payload Mass (kg) 6500 Width (m) 1.88

Length (m) 2.57 Height (m) 1.88

Reference Area (m2) 3.5344 Reference Length 1.88

Iload(kg ∗m2) 3828.9 5492.1 5492.1

Cable Parameter

Neutral Length (m) 50 Young’s Modulus (MPa) 15000

Cable diameter (mm) 12.8 Damping Constant (N-s/m) 19009

Cable Angle, αg,i (deg) 37

Environment Parameter

Air density (kg/m3) 1.225 Gravity (m/s2) 9.81

W20 (m/s) 15

ConstantWind (m/s) [-4, 0, 0]

Table A.6. Attachment position for six-helicopter simulation.

Attachment 1 g1,x = −0.4654 m g1,y = −0.4654 m g1,z = −0.94 m

Attachment 2 g2,x = −0.4654 m g2,y = 0.4654 m g2,z = −0.94 m

Attachment 3 g3,x = 0.4654 m g3,y = 0.4654 m g3,z = −0.94 m

Attachment 4 g4,x = 0.4654 m g4,y = −0.4654 m g4,z = −0.94 m

Attachment 5 g3,x = 0 m g3,y = 0.6582 m g3,z = −0.94 m

Attachment 6 g4,x = 0 m g4,y = −0.6582 m g4,z = −0.94 m
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Table A.7. Parameters for transportation: six-helicopter.

Payload Parameter

Payload Mass (kg) 9500 Width (m) 1.88

Length (m) 2.57 Height (m) 1.88

Reference Area (m2) 3.5344 Reference Length 1.88

Iload(kg ∗m2) 5596.1 8026.9 8026.9

Cable Parameter

Neutral Length (m) 65 Young’s Modulus (MPa) 15000

Cable diameter (mm) 12.8 Damping Constant (N-s/m) 20155

Cable Angle, αg,i (deg) 37

Environment Parameter

Air density (kg/m3) 1.225 Gravity (m/s2) 9.81

W20 (m/s) 15

ConstantWind (m/s) [-4, 0, 0]



Appendix B
Additional Simulation Results

B.1 Transportation: Four-Helicopter
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Figure B.1. Wind velocity and payload air velocity: four-helicopter transport.
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Figure B.2. Helicopter position errors: four-helicopter transport.
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Figure B.3. Cable force on each helicopter: four-helicopter transport.
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B.2 Transportation: Six-Helicopter
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Figure B.4. Wind velocity and payload air velocity: six-helicopter transport.
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Figure B.5. Helicopter position errors: six-helicopter transport.
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Figure B.6. Cable force on each helicopter: six-helicopter transport.



Bibliography

[1] “Dryden Wind Turbulence Model (Continuous),” http://www.mathworks.

com, accessed: 10/04/2014.

[2] Carter, E. (1982) “Implication of Heavy Lift Helicopter Size Effect Trends
and Multilift Options for Filling the Need,” Eighth European Rotorcraft Fo-
rum.

[3] Curtiss, H. C. and F. W. Warburton (1985) “Stability and Control of
the Twin-Lift Helicopter System,” Journal of the American Helicopter Society,
30(2), pp. 14–23.

[4] “K-MAX Performance and Specs,” http://www.kaman.com, accessed:
20/11/2013.

[5] Mittal, M., J. V. R. Prasad, and D. P. Schrage (1992) “Comparison
of Stability and Control Characteristics of Two Twin-Lift Helicopter Config-
urations,” Journal of Nonlinear Dynamics, 3(3), pp. 199–223.

[6] Mittal, M. and J. V. R. Prasad (1993) “Three-Dimensional Modeling
and Control of a Twin-lift Helicopter System,” Journal of Guidance, Control
and Dynamics, 16(1), pp. 86–95.

[7] Maza, I., K. Kondak, and M. Bernard (2010) “Multi-UAV Cooperation
and Control for Load Transportation and Deployment,” Journal of Intelligent
and Robotic Systems, 57(1), pp. 417–449.

[8] Cicolani, L. S. and G. Kanning (1990) Equations of Motion of Slung Load
Systems with Results for Dual Lift, Tech. Rep. TM-102246, NASA.

[9] Menon, P. K., J. V. R. Prasad, and D. P. Schrage (1991) “Nonlin-
ear Control of a Twin-Lift Helicopter Configuration,” Journal of Guidance,
Control and Dynamics, 14(6), pp. 1287–1293.



67

[10] Prasad, J. V. R., M. Mittal, and D. P. Schrage (1991) “Control of a
Twin-Lift Helicopter System using Nonlinear State Feedback,” Journal of the
American Helicopter Society, 36(4), pp. 57–65.

[11] Prasad, J. V. R., D. P. Schrage, and M. Mittal (1989) “Comparison
of Nonlinear Controllers for Twin-Lift Configurations,” in AIAA Guidance,
Navigation and Control Conference, Boston, MA, pp. 1350–1357.

[12] Stevens, H. D., M. E. S., R. S.M., and R. Cannon (1994) “Object-
Based Task-Level Control: A Hierarchical Control Architecture for Remote
Operation of Space Robots,” in Proceedings of the AIAA/NASA Conference
on Intelligent Robotics in Field, Factory, Service, and Space.

[13] Trebi-Ollenu, A., H. D. Nayar, H. Aghazarian, A. Ganino, P. Pir-
janian, B. Kennedy, T. Huntsberger, and P. Schenker (2002) “Mars
Rover Pair Cooperatively Transporting a Long Payload,” in Proceedings of the
IEEE International Conference on Robotics and Automation (ICRA), Wash-
ington DC, pp. 3136–3141.

[14] Cicolani, L. S. and G. Kanning (1986) General equilibrium Characteristics
of a Helicopter Dual-Lift System, Tech. Rep. TP-2615, NASA.

[15] Hess, R. and P. Tran (1988) “Pilot/Vehicle Analysis of a Twin-Lift He-
licopter Configuration in Hover,” AIAA Journal of Guidance, Control, and
Dynamics, 11(5), pp. 465–472.

[16] Rodriquez, A. A. and M. Athans (1986) “Multivariable Control of a Twin
Lift Helicopter System using the LQG/LTR Design Methodology,” in Amer-
ican Controls Conference, pp. 1325–1332.

[17] Mittal, M., J. V. R. Prasad, and D. P. Schrage (1991) “Nonlinear
Adaptve Control of a Twin Lift Helicopter System,” IEEE Control Systems,
11(3), pp. 39–45.

[18] Song, Y., J. F. Horn, Z. Li, and J. W. Langelaan (2013) “Model-
ing, Simulation and Non-linear Control of a Rotorcraft Multi-lift System,” in
American Helicopter Society 69th Annual Forum, American Helicopter Soci-
ety, Phoenix, AZ.

[19] Cicolani, L. S. and G. Kanning (1992) Equations of Motion of Slung-Load
Systems, Including Multilift Systems, Tech. Rep. TM-1038798, NASA.

[20] Kondak, K., M. Bernard, F. Caballero, I. Maza, and A. Ollero
(2009) “Cooperative Autonomous Helicopters for Load Transportation and
Environment Perception,” Advances in Robotics Research, pp. 229–310.



68

[21] Li, Z., J. F. Horn, and J. W. Langelaan (2014) “Coordinated Transport
of a Slung Load by a Team of Autonomous Rotorcraft,” in AIAA Guidance,
Navigation and Control Conference, National Harbor, MD.

[22] Deprettere, E. F. (ed.) (1988) SVD and Signal Processing: Algorithms,
Analysis, and Application, Elsevier Science Publishers, North Holland.

[23] Golub, G. H. and C. F. V. Loan (1983) Matrix Computations, Johns
Hopkins University Press, Baltimore, Maryland, pp. 16–21, 293.

[24] Vaccaro, R. (ed.) (1991) SVD and Signal Processing II: Algorithms, Anal-
ysis, and Applications, Elsevier Science Publishers, North Holland.

[25] A.Rosen, S.Cesutta, and R.Yaffe (1999) Wind Tunnel Tests of Cube and
Conex Models, Technion - Isreal Institute of Technology.


